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Abstract

This paper concerns existence and multiplicity of ground states and bound states
of the time-independent Schrédinger system

N

— Auj + Aju; = Zﬁijufuj in R",
i=1

uj(z) =0 as|z]—o00, j=1,...,N,

where n = 2,3, N > 2, \; >0forj=1,---,N, B;; >0for j=1,---,N,
and Bi; = Bji- In the attractive case we give sufficient condition for existence
of co-existing ground states with large couplings, and in the repulsive case we
prove existence of infinitely many co-existing bound state solutions with arbitrary
couplings.
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1 Introduction

Consider the time-independent Schrédinger system

N
— Auj + Aju; = Zﬂmufu] in R™, (L.1)
i=1 :

uj(z) =0 aslz]—o00, j=1,...,N,

where n = 2,3, N > 2, A\; > 0 for j = 1,---,N, (B;; are constants satisfying
Bij = Bji and Bj; > 0for j=1,--- ,N. If @ = (u1,--- ,un) is a solution of (1.1),
then the function (®1,...,®x) : R® x R — CV, defined by ®;(x,t) = €™ tu;(x),
j=1,..., N, is astanding wave solution of the time-dependent system of IV coupled
nonlinear Schrodinger equations

N
0
—i&@j:ijrZﬁij@A%% for z € R", ¢t >0,
=1
®;(x,t) -0 as |zg] =400, t>0, j=1,...,N.

(1.2)

The system (1.2) models naturally many physical problems, especially in non-
linear optics. Physically, the solution ®; denotes the j-th component of the beam in
Kerr-like photorefractive media ([1]). The positive constant 3;; is for self-focusing
in the j-th component of the beam. The coupling constant 3;; (i # j) is the inter-
action between the i-th and the j-th components of the beam. Problem (1.2) also
arises in the Hartree-Fock theory for Bose-Einstein condensates ([11]). Physically,
®,; are the corresponding condensate amplitudes, 3;; and 3;; are the intraspecies
and interspecies scattering lengths. The sign of the scattering length 3;; determines
whether the interactions of states |i) and |j) are repulsive or attractive. For more
references we refer the reader to [1, 8, 11, 12, 13, 14, 15, 22, 28].

In the last several years there has been intensive work on the existence, multi-
plicity and qualitative property of ground and bound state nontrivial solutions for
systems like (1.1). Here and below by a nontrivial solution of (1.1), we mean a
solution @ = (uq,--- ,un) with each component u; being nonzero. In the litera-
ture these solutions are also referred to as co-existing solutions. It is an important
feature of the study for these type of systems that one needs to distinguish non-
trivial solutions from semitrivial solutions (solutions with one or more components
being zero). We call a solution a ground state solution if it corresponds to the least
nonzero critical value of the associated energy functional. Note that this definition
is different from the one given in [16], where a solution is called a ground state solu-
tion if it has the least energy among all the energies of nontrivial positive solutions
of (1.1). We will distinguish two cases, the attractive case: §;; > 0 for i # j, and
the repulsive (or competition) case: §;; < 0 for i # j. It turns out the systems have
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quite different behaviors for the two cases. The existing work mainly has been on
systems with two equations (i.e., N = 2). For examples, following the work [16] by
Lin and Wei about the existence of ground state solutions with small couplings for
a general N-system, a number of papers have been devoted to the existence theory
of solutions for the 2-system in various different parameter regimes of nonlinear
couplings; see [2, 3, 4, 5, 6, 9, 19, 20, 23, 26, 29, 30] for the existence of ground state
or bound state solutions and their limiting property with large couplings both for
repulsive and attractive cases, [17, 18, 21, 24] for semiclassical states or singularly
perturbed settings.

For a general N-system, except the early work in [16], for small couplings (i.e.,
B with ¢ # j small), not much has been studied so far. Some partial work was
given in [3, 26] (see Remark 2.4 ¢) below in details). In particular, for a general
N-system with large couplings in the attractive case (i.e., 8;; with ¢ # j tend to
plus infinity) the question whether there exists a nontrivial solution and whether
the ground state is nontrivial still seem open.

In this paper, we establish a framework to study the general N-system. Our goal
is two fold. One is to provide a sufficient condition for the existence of a nontrivial
ground state solution for the attractive case with large nonlinear couplings. This
would provide an answer to the open question above. The method used to establish
this result is by estimates of energies. Another goal of the paper is to establish
a multiplicity result of bound state solutions for the repulsive (competition) case.
This result generalizes an earlier work of ours in [19] which requires small couplings.
The result here applies to arbitrary couplings. We provide two proofs of the result,
one based on the method of critical point theory in the setting of invariant sets
of the gradient flows and the other based on the minimax method on a Nehari
manifold.

The paper is organized as follows. In section 2 we state and prove the result
on the existence of a nontrivial ground state solution in the attractive case with
large couplings. In section 3 we state and prove the result on the multiplicity of
nontrivial bound state solutions in the repulsive case with arbitrary couplings. We
finish the paper in section 4 with some further remarks.

2 A nontrivial ground state in the attractive case

Consider the Schrodinger system

N
2 .
— AUJ' -+ )\juj = E 6”’111 ’U,j m Rn,
i=1

(2.1)

wj(xz) >0, u;(z)—0, as|z|—o0, j=1,2,--- N,

where n = 2,3, N > 2, A\; > 0 for j = 1,---,N, (3;; are constants satisfying
Bij = Bji and B; > 0.
Let E = H}(R™) be the space consisting of spherically symmetric functions in
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H'(R™) in which we shall use the equivalent inner products

(u,v); = Vu-Vo+ Nu, j=1,2,--- N
Rﬂ,

and the induced norms || -||;. Here the fact that A; > 0 has been used. The product
N

—~~
space EN =F x E x --- x E is a subspace of (H'(R"))" endowed with the inner
product

N
Z(uj’vj)j7 = (u1, - ,un), U= (vi, - ,vN).

j=1

—~

£l

&
Il

Solutions of (1.1) correspond to critical points of the functional

1 N
o) = 5l17l* -5 3 A [

’LLQU]Q, ﬁ:(U1,U2,"' ,UN) € (Hl(Rn))N’
ig=1 R

7

and spherically symmetric solutions of (1.1) correspond to critical points of the
functional
J(ﬁ):(b'EN(ﬁ)a ’J:(ulvu27"' auN) EEN

Note that J € C2(E”) and J satisfies the (PS) condition. It is easy to check that .J
has a mountain pass geometry and has a mountain pass critical point. Clearly, any
critical value of J is a critical value of ® according to the principle of symmetric
criticality. The functional ® is also in the class of C? and has a mountain pass
geometry, but it does not satisfy the (PS) condition. We show that the mountain
pass value of ® is equal to the mountain pass critical value of J, and hence is
a critical value. To this end, for any @ = (u, -+ ,u,) € (H'(R"))N with each
component being nonnegative, denote @* = (uf,--- ,u}) with u} being the Schwarz

symmetrization of u;. Then
J(i*) < @(a),

/ \Vu;fPs/ Vs,
R’VL R’Vl
[z =]

[ o= [

This implies the mountain pass value of ® is equal to the mountain pass critical
value of J, and hence it is a critical value. It is easy to see the mountain pass
critical value of ® is the least positive critical value of ®. Due to this reason, we
call a solution ground state if it corresponds to the mountain pass critical value of
J.

since, for all 4, j,

and
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However in general this energy level may not correspond to nontrivial critical
points. The case N = 2 has been studied extensively in the last few years. Let
us call § := B2 in this case which is the lone coupling constant for N = 2. In [5]
(see also [2, 3, 6, 20, 26] with similar or different arguments) by using mountain
pass theorem and Morse theory, it is proved that there is a By > 0 such that for
8 > By the ground state solution (i.e., the mountain pass solution) is nontrivial and
for B < By the ground state solution is semitrivial in the sense that the solution
is of the form (w,0) or (0,w) with one null component. It seems still an open
question under what conditions the ground state solution for a general N-system
is nontrivial. We provide a sufficient condition here which guarantees the ground
state is nontrivial. To state our result we need some notations.

First we note that the least positive critical value of ® can also be reformulated
as the infimum of the following functional I

O

V’LL]'|2 + )\ju?

I(@) = , de(H'(R")N, @#0.
(Zgjzl Bij Jgn u?“?)lm
Define
Jon VUl +u? . Jun [V]? + 022
= 1 - = 1 o~ - 0
¢ u€H!(R™), u#0 <f]R" U4)1/2 uweH}(R™), u#0 (f]R” u4)1/2 ’

and let U be the unique positive and spherically symmetric minimizer for ¢. Then,
for A > 0,
Jgn [Vul? 4+ Au? ) Jon VUl + Au?

ANt = gf R T o
¢ uEHl(lllgﬂ'), 0 (fRn ut)1/2 ueHL(R™), u0 (fRn uh)1/2

for which Uy (z) = U(+v/Az) is the unique positive and spherically symmetric mini-
mizer. Denote, for A > 0,

) = Jon VU2 +U?
A= NUR AU

We need the following assumption (A): For some A > 0,

N
Ai Aj 2 Aoz
‘Zlﬁma(y)a(j) >N IIS%%XNﬁM()Tj)
i,j=
N_ 2 )\ 1—n )\ 1—n
TN e P )T )T

Theorem 2.1. If (A) holds, then (2.1) has a nontrivial ground state solution which
1s spherically symmetric and is given by, up to a Lagrange multiplier, a minimizer
of the minimization problem

inf I(4).
Ge(H(R™))N, @0
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Proof. Using Schwarz symmetrization, we see that

m(N) = inf I(i)= inf  I(d).
GE(HL(RM))N, @0 TEEN | G40

Therefore, the infimum m(N) is achieved by a spherically symmetric element #° =

(u},--- ,up). Replacing u} with [u] if necessary, we can assume that v > 0. Tt

r'n
suﬁic'es to prove that u(; > 0 for each j. Choosing u; = \/a(X;/A)Ux, we have, for
any 7,

/R |Vuj|2+Aju§:a(Aj/A)/R |VUA|? + ;U3
= N"Fa(y/A) [ IVOR + /007
Rn
:/\1*%/ |VU|? +U?

:/ VU2 + \UZ,

which implies

> oy [ uhd
i,j=1
N
= 3 ByaCu/Naty/y) [ U
ij=1 R™
2
= )\2_7 > Z Bija(Ni/N)a(Aj/N) (/ |VU,\|2+)\U§>
2C 2,7=1 R™
2
= AQ,, N2 Z Bija(Ni/N)a(Aj/A) (Z/ |Vuk2+Akui> :
3,5=1
Therefore,
m(N eNM %

R @U L Bra(AiNa(r/A)

Using Schwarz symmetrization again, we infer that

m(N,s) := inf I(W) = inf I(@), s=1,2,---,N.
TeE(H(R™))N, @£0, us=0 TEEN, 10, us=0
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Note that if uy = 0 then
N N-1 1/2 1/2
m—/ o= X (fo4) ()
T Rn ij=1 R n

1

<3 Z / (|Vu;|® + Aiu?)/Rn(wu”z I )\ju?)
1 N— 9

< — 9 9

~c? {1§]<N 1 /\ Z (/ |V +/\kuk>

k=1

m\ﬁ

2 12 ) a2
+ it 1<?J<N 1/\1—7 1—7 Z /n [V |* + A )/RH(IVUA + Ajuy)

i£j

1 i N -2 i
<= max gjjﬂ + = max 75”1 =
c 1<j<N-1 )\j—z N — 1 i#j, 1<i,j<N-1 A 4)‘3'_4

N
X (Z/ |Vuk|2+)\kui>
k=1"R"

Therefore,

c

m(N,N) >

max ﬂ“ + % f max Bij
1<j<N-1 A -3

i#j, 1<i,j<N—1 A} 4,\;‘4

The same estimate applies also to m(N,s), s = 1,2,--- N — 1. Now, if (4) is
satisfied then

m(N) < min{m(N,1), m(N,2), ---, m(N,N)},

which implies u? # 0 and therefore u? > 0 for each j. The maximum principle

implies that u)(z) > 0 for all j and z € R™. Now (m(N)/||a°|)a® is a nontrivial
ground solution of (2.1) which is spherically symmetric. The proof is complete.

Remark 2.2. If X and §;; (j = 1,2,---,N) are fixed, then there exist 6 > 0 and
B* > 0 such that (A) holds provided that |A; — A| < ¢ for all j and |5;; — 8] < ¢ for
all @ # j and for some 8 > *. In particular, if \; =--- = Ay = X and §;; = § for
i # j, then (A) reduces to 3 > N(N — 1)maxi<j<y 3;; — N7} (N — 1)2;.\[:1 Bij-
Therefore, we have the following corollary.

Corollary 2.3. Let \y =---=Ayv =X and B;; (j =1,2,...,N) be fized. Assume
Bij =B fori#j. If > NN —1)maxi<jcn Bj; — N"UN = 1) N, 855, then
(2.1) has a nontrivial ground state solution which is spherically symmetric and is
given by, up to a Lagrange multiplier, a minimizer of the minimization problem

inf I(d).
Ge(H(R™))N, @0
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Remark 2.4. a). It seems quite natural and necessary in some sense to require the
couplings 35,1 # j, large relative to 3;5,7 = 1,..., N, as the non-existence result
on positive solutions in [5] asserts that in the attractive case if the A;’s are non-
increasing and the (;;’s are non-decreasing in ¢ and j, then (2.1) admits no positive
solutions unless A; = A and 3;; = § for all i,j = 1,..., N, some positive constants
A B

b). We believe the condition (A) is not sharp for the existence of a nontrivial
ground state. In the case of the 2-system (there is only one coupling constant
0B := P12 = Po1), in [2, 3, 5, 6, 20, 26] more precise estimates on the size of a [y have
been given to assure for § > [y the existence of a nontrivial ground state solution.

c). Partial results on the existence of nontrivial ground states of higher di-
mensional systems were also given in [3, 26]. In [3] a 3-system was discussed under
conditions that assure all three semi-trivial solutions with single nonzero component
are saddle points on the Nehari manifold so the minimizer on the Nehari manifold
has at least two nonzero components. In [26] a set of structure conditions involving
matrix (08;;) and vector (A;) (Hypotheses 1-6 there) are assumed to assert the exis-
tence of a nontrivial ground state. It does not seem easy to compare our condition
(A) with theirs.

3 Multiple bound states in the repulsive case

Again consider the Schrodinger system

N
— AUj + )\j'LLj = ZBUU%’MJ in Rn,
s (3.1)

uj(r) =0 as|z|—o00, j=1,...,N,

where n = 2,3, N > 2, A\; > 0 for j = 1,---,N, (B are constants satisfying
Bij = Bji, Bjj >0for j=1,--- ,Nand §;; <0fori#j,4,75=1,..,N. We again
look for nontrivial solutions with each component nonzero.

We shall prove the following theorem.

Theorem 3.1. Assume N > 2, n = 2,3, \; >0, B;; >0 forj =1,---,N,
and Bi; <0 fori # j,4,j =1,...,N. Then (3.1) has infinitely many nontrivial
spherically symmetric solutions.

Remark 3.2. This result extends an earlier one in [19] where the nonlinear cou-
plings f3;; for ¢ # j are assumed to be small. Some interesting multiplicity results
on nontrivial positive solutions have been given recently in [4, 9, 27, 30]. We remark
that in [9, 30] multiplicity results on positive solutions were proved for a 2-system
with a symmetric structure: A\; = A2, p1 = po. In this case there is symmetry in
the system in that if (u,us) is a solution so is (ug,u1). A result of a similar nature
but without requiring the symmetric condition p; = ps was given in [4] by using
a global bifurcation approach. In [27] a multiplicity result on positive solutions
is given for a symmetric case of the general N-system where it is assumed that
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Aj = pj = 1for all j and B;; = B for ¢ # j, and solutions are constructed for —f
sufficiently large, with each component separating in many pulses from the others.
The solutions constructed in Theorem 3.1 of our paper may be of different types
from that in the above mentioned papers and are potentially nodal type solutions.

3.1 A proof based on invariant sets of the gradient flow

As in the last section, we work in E = H!(R"). Spherically symmetric solutions of
(3.1) correspond to critical points of the functional

(@) = *” ||2_*Zﬁzg/ i = (u1,u2, - ,uy) € BN,

,j=1
Note that J € C%(EV), J satisfies the (PS) condition, and
VJ (i) =i — A(@), @ = (ui,ug, - ,uyn) € EN,

where A(@) = ((A(@0))1, (A(@))2, -, (A(@)) ) and

—~

A@)); = (A + \I)~ Zﬁwu u;j).

Proof of Theorem 3.1. Let ¢!(@) with the maximal interval of existence [0, (%)) be
the solution of the initial value problem

i
dt
{ ¢’ =

We say the map ¢ : {(t,4@)| @ € EN,t € [0,n(@))} — EV is the gradient flow of J.
A subset F of E¥ is said to be an invariant set for the flow if (¢, %) € F for all
@€ F andt € [0,n(d)). For two invariant sets F C G, we say F is strictly invariant
with respect to G if p(t,@) € intgF for all @ € F and t € (0,7(%)) where intgF is
the interior of F in G. Define

—VJ( t), fort >0,

Ql ||

Ao = {’L_L' € BN | lim (pt(ﬁ) = 0}.
t—n(@)—0

It is clear that 0 is a strict local minimizer of J, Ay is an open neighborhood of 0
in BN, 0A is an invariant set, and infg 4, J > 0; see [19].
For any @ € EV, since (3;; <0 for i # j, we have

N
(uj, (A(@));); = Y _ Bij /]Rn uiul < ﬂjj/R uj < Cjlluyll3,
i=1 ' "
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where Cj is a positive constant. Therefore, if 0 < Cjl|u;[|3 < 1 then for b > 0
sufficiently small
s + h(—u; + (A(@));)]17
=llugll = 2h(llugll; — (uj, (A@););) + B2 lu; = (A@@));113
<llugll = 2k]lu; 130 = Cillug F) + 22wy — (A(@);13

<[ul3-
Choose r > 0 such that B.(0) C Ag. Set
1 . -1 -1 _1
60:§mm{01 , o, Oy2, rN 2}.
Define, for € € (0,e0] and j =1,2,--- | N,
D5 = {0 | = (.- ) € BV, gy < ).

For any @ € D5, j = 1,2,--- , N, if h > 0 is sufficiently small then the discussion
above shows that
i+ h(=VJ(d)) € int(Dj).

According to [10, Section 4], for any @ € D; there exists tg = to(d,¢,j) > 0 such
that (@) € int(D5) for t € (0,%9). This implies that ¢' (@) € dAg N int(D5) for
i€ Ao ND;, t € (0,n(w)), j=1,2,---,N,and 0 < & < gg. Therefore, 9.4y N D5,
j=12--- N,0 < e < gg, are strictly invariant sets with respect to 0.4¢ and
n(i) = +oo for @ € A9 N D5. Define

Ay ={i € DAy | 3t > 0 such that ' (i) € UL, int(D5°)}.

Then A; is an open subset of 9.4, and dAp \ A; is closed and invariant for the
flow. We want to prove

gen(0Ap \ Ap) = 400,

where gen(-) is the genus of a closed symmetric subset of EV.

For any k € N, since 3;; > 0, there exist k-dimensional subspaces Fi,--- , Fy
of E = H(R™) such that Ay N (Fy x .-+ x Fy) is bounded. Indeed, we may, for
example, choose a k-dimensional subspace F}; from H&v,.(Qj), with Q4,--- ,Qn being

mutually disjoint spherically symmetric domains. Then
1 1
— N2 4 -
J(@) = 5||uH — 4;@]'/1@ ul, @=(ur,uz, - uy) € Fy x - x Fy,

which implies J(@) — —oco as @ € Fy x --- X Fy and ||@]| — oo, and therefore
Ao N (Fy X -+ x Fy) is bounded. Denote

F=F x---x Fy.
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Then
gen(0Ag N F) =EN.

For i € Ay, since Ao ND5, j = 1,2,---,N, 0 < & < g, are strictly invariant

sets with respect to d.Ag, there exists ¢ > 0 such that ¢ (@) € U§V:1D§°/2 and the
function 7 : A; — R™ defined by
(@) = inf{t > 0: ' (@) € Ué\’:lD;”/Q}

is even and continuous. Since g¢ < %7‘N_%7
2
NYAD2 € B ., 12(0) € By(0) € Ao,
Therefore, since A; C d.Ag and since A; is invariant, ¢ (70) ¢ ﬂéV:le()/ % for @ € Ay
and t > 0.
Define amap h: A1 NF — F as

h(ﬁ) = (71 (ﬂ)ul,’yQ(ﬂ)UZ’ T a’yN(ﬁ)uN)a

where
1, if (o] (@)]); > eo,
%@ =9 2ol @i — 1, if e0/2 < ] P (@)ls < eo,
0, if (o] (@) < e0/2,

and ¢! is the i*" component of ¢!. Then h: FN A; — F is odd and continuous.
For any @ € A; N F, the definition of 7(%) implies that

||<p;1(ﬁ)(ﬁ)||i1 <eo/2, for at least one iy € {1,--- ,N},
while the fact that ¢! (@) ¢ ﬂj-\'le;O/ ? for any ¢ > 0 implies that

|95 @), > 20/2,  for at least one iz € {1+, N}.

12

Note that ||<p-T(E)

12

()]s, > €0/2 implies ||ug, |li, > €0/2. Therefore
Vi, (Wug, =0, i, (W)us, #0,  for any @ € Ay N F. (3.2)
Let {ej1, - ,ejx} be a base of F; for j =1,---,N. Using this base we can define

an isomorphism T} : F; — RF as

k
Tiu= (o1, - ,0) ifu= E Qe
i=1

Define
W:{ﬂ:(u17"' ,UN)EF:Tlulz--~=TNuN}
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and let V' be the orthogonal complement of W in F'. Then dimW = k and dimV =
k(N —1). Denote by g : F — V the orthogonal projection from F' to V. From (3.2)
we see that

WnNh(ANF) =0,

and goh: Ay NF — V\ {0} is odd and continuous. Therefore
gen(A; NF) <dimV = (N — 1)k,
which implies

gen(0Ap \ A1) > gen((0Ag \ A1) N F) >gen(0Ag N F) —gen(A; N F)
>Nk — (N — Dk = k.
Since k is arbitrary, we have
gen(0Ap \ A1) =
Define
B

where
Y ={A| ACOA\ A1, gen(A) > i}, i=1,2,---
Now standard arguments (see, for example, [25]) can be used to obtain the conclu-

sion. The proof is complete.

3.2 A proof based on Nehari manifold
Define

N
N ={i=(u, - ,un) € EN| u; #0, ||Uj||§:Zﬂij/ wjui, j=1,---,N}.
i:l RTI,

We shall use N to find nontrivial spherically symmetric solutions of (1.1).

Note that N is not the classical Nehari manifold and, generally, a critical point
of J|x need not be a critical point of J. However, we have the following lemma
stating that A/ is a natural constraint of .J.

Lemma 3.3. Critical points of J|n are critical points of J under the assumptions
of Theorem 3.1.

Proof. Let @ € N be a critical point of J|x. Denote

B (it) = uy |2 - Z@]/ 22, j=1,-- N.
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Then there exist real numbers a4, - -+, ay such that
N
V(i) =Y a; V(i) = 0.
j=1

Multiplying the jth component of the last equation with u; and taking integral for
j=1,--- N we have

apjog + -+ ayay = O(d)=0
: : (33)
ayroy + - +ayvay = Py(u) =0,
where
X 0P (u) 2, 2
Denote R
Qij = —% :@j/RnU?u% ij=1,---,N.
Then a;; satisfy
ajj>0 forj=1,---,N,
a;; <0 fori,j=1,---, N with i # j, 3.4
Qij = Qjj fori,jzl,-n,N, ()

Zivzlaij>0 forj=1,---,N.

Denote by A the determinant of the matrix (a;;). Then, clearly, A > 0 for
N =1,2. We shall use an induction argument to show that A > 0 for N > 3 and
thus assume it is true for matrices of order N — 1 and consider a matrix of order V.
For i =2,---, N, subtracting the first row multiplied with a;1 /a1; from the ith row
and then subtracting the first column multiplied with a;;/a11 from the ith column,
we see that

aiy 0 0
0 ax -+ aon
A= . ) . o
0 an2 -+ ann
where 0o
- 15015 .
Qi = Qi5 — —— fOI‘Z,]ZQ,--~,N.
ai1

Since a;; satisfy (3.4), a;; satisfy

- ay1;ja1; 1 .

A5 = Qj5 — 7;11 ] — 7@11 [au(alj + ajj) — alj(all + alj)] > 0, for ] = 2, e ,N,
~ a1;a1;5 .o . . .
Qij = Q35 — L MSO, for i,5 =2,--- , N with i # j,

ai1
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Ezij:&ﬁ, fOI"i7j:27-'-,N,
and for j =2,--- | N,

N N N N N
~ alj 1
E ajj = E ajj — — E ai; = — | an g aij — Qi E ai; | > 0.
= — an ai — -
1=2 =2 =2 i=1 i=1

Therefore, a;;, i,j = 2,---, N, satisfy (3.4), and by the induction assumption
Gg2 -+ Q2N
>0,
anz -+ Q4NN

which implies A > 0.
In view of (3.3), we then see that oy = --- = ay = 0. Therefore, VJ (@) =
and « is a critical point of J. The proof is complete.

Remark 3.4. It is still possible to show that A is a natural constraint of J when
Bij (i # j) are positive and small. For example, if for some constant v > N — 1,

1 S
|8i5] < ;\/m for i 7# j, (3.5)
then for any (aq,---,ay) € R™ with (aq, -+ ,ay) #0 and 4 € N
Z Ozza]ﬂ”/ 12
i,j=1
>Za 6”/ u; ffZ\ozZoz]\\/ﬂ”TN/ u?
i#]

N-1 9 n
J:

Therefore, critical points of J|r are critical points of J if (3.5) is satisfied. However,
the constrained functional J|x may not satisfy the (PS) condition even if J always
satisfies the (PS) condition. For example, it was pointed out in [26, Theorem

2(iii)] that when N = 2 and (811 < Bi12 < /B11022, J|x does not satisfy the (PS)
condition though critical points of J|x are critical points of J. Nevertheless, we
have the following lemma in the repulsive case.

Lemma 3.5. The constrained functional J|n satisfies the (PS) condition under the
assumptions of Theorem 3.1.

Proof. Let (@™) C N be a (PS) sequence for J|n. Then (@™) is bounded in EV
and there exist real numbers af*,--- , aj such that

PV, (™) = o(1).

H'MZ
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Therefore, we have

afiaf’ +--- +afyayy  =o(1)
: . (3.6)
agpaf’ + - Hagyay = o(l),

where
o =By [ R
For any @ € N, since 3;; <0 (i # j),
N
sl = Zﬁij/ uu} < ﬁjj/ uj,
i=1 R R
and therefore there exists § > 0 such that for any @ € N

‘|uj‘|?>5a .7:173N

Let A™ be the smallest eigenvalue of the matrix

art o aly
)
apy v GNN
with corresponding eigenvector 2™ = (z7*,--- ,#7)T. Suppose
|| = max{[a7"[, -, [27¢[}-

Since af} <0 (i # j) and
ajixy’ + - +ajyry = A"l
we see that
—aﬂ+za Ly afi— > |a |fzaﬂ—\|um||J>5
i, 1#£] i, i£]

From this observation and (3.6) we deduce that

o' =o(1), j=1,---,N.

Then (@™) is a (PS) sequence for J and since J satisfies the (PS) condition the
result follows. The proof is complete.

Proof of Theorem 3.1. Define

d; = inf J
PR,

where
S ={A[ACN, gen(A) 2}, i=172--

Now standard arguments (see, for example, [25]) can be used to obtain the conclu-
sion. The proof is complete.
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4 Further remarks

a). In [19] for a 2-system a multiplicity result was given for the attractive case.
More precisely, it was shown that for any k integer there is 3* > 0 such that for
B3 := (12 > ¥ the 2-system has at least k nontrivial bound state solutions. It is not
clear how to extend that result to a general N-system. Our Theorem 2.1 asserts the
existence of one such solution with large coupling constants. The idea described in
section 2 provides also an alternative proof for the result on multiple bound states
for the 2-system in [19]. As in [19], rewriting u; = 8;; and 8 = (312, we reformulate
the 2-system as

—Au+ Mu = pu® + Bvu, in R,
—Av 4 \v = pov® + pulv, in R, (4.1)
u(z) — 0, v(z)—0, as|z|— .
The following theorem was first proved in [19] by comparing Morse indices of solu-

tions obtained via a Ljusternik-Schnirelman minimax procedure with Morse indices
of semitrivial solutions. We now give a different proof.

Theorem 4.1 ([19]). Let n = 2,3 and for i = 1,2 let \; and p; be fized positive
constants. Then for any k € N, there exists f* > 0 such that for 3 > 3% the system
(4.1) has at least k pairs of nontrivial spherically symmetric solutions.

Proof. Using the symbols and estimates from the proof of Theorem 2.1, we have

1-2 z
4 4
cAy A

m(2,1) > N

For any k € N, define

S [Vu|? + u?
CcL = mn R
H,CE, dim H,=k u€Hj, u#0 (fRn u4)1/2

For any € > 0, there exists a k-dimensional subspace Hj C E such that

Jgn [Vul? 4 u?

< .
weHugo (a2~ RTE

Denote
A1+ A2 .

A= 5 s Hk:{u(\/i) |U€Hk}

It is then easy to see that

CAVulE+ e o
max e VPR Sy,

u€Hy,, u£0 (fRn U4)1/2

Set .
Gr = {(u,u) | u € Hg}.
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Then G, is a k-dimensional subspace of E? and

2 VUl Au? 2N
max I(u) = max Jo- | u|4 T 2u < HCR) :
UEGK, UF0 Vi + p2 + 28 weh, uzo  (Jgn ut)Y 1+ pi2 + 20

Let B* be the positive number defined by

YT1_n 1- 1-z
2c AT . {c)\l toeay ! }
min .

Vi + iz + 205 VIR

If 3 > 3* then for e > 0 small enough
2 A AT e T
RACT % S K T T
Vi +p2 + 20 VH1 V2

Therefore, according to the discussion above, there is a k-dimensional subspace Gy
of E? such that

I(@) < mi 2,1), 2,2)}.

celhax  I(t) < min{m(2,1), m(2,2)}

This inequality together with standard arguments yields at least &k pairs of nontrivial
spherically symmetric solutions of (4.1). The proof is complete.

b). When Ay = --- = Ay and the matrix B = (8;;) is in the form of the product
of a row-stochastic matrix and a diagonal matrix both with positives entries, special
type nontrivial solutions of (1.1) for attractive case can be constructed ([5, 26]). We
do not know whether these special type solutions are the ground states or not. For
2-systems a uniqueness result on positive solutions in the attractive case was given
recently in [31].

¢). Our main results in both sections still hold when we replace the entire space
by a bounded domain in R"”.

d). We do not know whether the solutions given in Theorem 3.1 are positive
ones. We suspect that some of these solutions are nodal solutions.
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