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Abstract. Consider the following inequalities due to Caffarelli, Kohn and Nirenberg [3]:
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where forN > 3: —co < a < %32, a <b< a+ 1, andp = x—235—y- We shall answer

some fundamental questlons concerning these |nequaI|t|es suci)1 as the best embedding
constants, the existence and nonexistence of extremal functions, and their qualitative

properties. We also study the bound state solutions of the corresponding Euler equations
and construct positive solutions having prescribed symmetry for certain parameter region.
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Sur les inégalités de Caffarelli-Kohn—Nirenberg

Résumé. On considere les inégalités suivantes de Caffarelli, Kohn et Niren3grg
2/p
/ || =P ul? dz <ca,b/ ||~ |Vul? de,
RN RN
OUN>3:-—c0o<a<?®2 a<b<a+letp= g5 Nous répon-

dons a quelques questions fondamentales concernant ces inégalités, telles que meilleures
constantes d’injection, existence ou non-existence des fonctions extrémales et leur proprié-
tés qualitatives. On étudie aussi les solutions a état borné qui correspondent a I'équation
d’Euler et on construit des solutions positives avec une symétrie prescrite dans certaines
régions de I'espace des paramétres2000 Académie des sciences/Editions scientifiques

et médicales Elsevier SAS

Version francaise abrégée

Dans [3], entre autres choses, Caffarelli, Kohn et Nirenberg ont établi les inégalités suivantes : pour t

u € CP(RY),
2/p
( / |a:|-bp|u|Pda:) <Cos [ lel 2 Vuf . M)
RN RN
ou, pourN > 3:

—o<a<(N=2)/2, a<b<a+1 et p=2N/[N—-2+2(b—a)l. (2)

Note présentée par Louis NRENBERG.
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Soit DL2(RY) la complétion deC5° (R”Y) pour le produit scalaire(u, v) = [~ [2[72*Vu - Vuda.

On voit que (1) est vérifiée poure D;*(RY). On définitS(a, b) = inf,, 12 mw) oy Ea,b(u), cOmMme
étant les meilleures constantes d’inclusion, ou

—2/p
Eqp(u)= </RN |x|_2“|Vu|2d;v> X </RN |x|_bp|u|pdx> .

Les fonctions extrémales pofSia, b) sont des solutions minimales des équations d’Euler :
—div(|z|**Vu) = || ~PuP~1 w >0, dansR". (3)

Beaucoup de progres ont été faits dans le cas B0, [1,15,11,9] yoir aussi [13,17]). L'objet de cette
Note est I'étude du cas< 0 qui n'a pas été tres étudié.

Poura < 0, on montrera de nouveaux phénomeénes qui sont en contraste avec ceux correspopdant a
Pour énoncer les résultats, soishtR”) les meilleures constantes d'injection H&(R") dansL?(RY),

i.e. Sp(RY) = inf yerm @) oy (fiew [Vel? +u2da) x (fon [uf? da)">/7.

THEOREME 1 (Meilleures constantes et non-existence des fonctions extrémales)Sta(iy) est
continue dans le domaine entier des parame(®s(ii) Pourb=a+ 1, 0n aS(a,a+1)=[(N — 2 —
2a)/2]?, et S(a,a + 1) n'est pas atteint(iii) Poura < 0 etb = a, on aS(a,a) = S(0,0) (la meilleure
constante de Sobolget S(a,a) n'est pas atteint.

THEOREME 2 (Meilleures constantes et existence des fonctions extrémalesPeufi < b < a + 1,
S(a, b) est toujours atteint(ii) Pourb —a € (0, 1) fixe, quand: — —oo, S(a, b) est strictement croissante,
etona:

S(a,b) = [(N — 2 —2a)/2]"" " [S,(RY) + o(1)].

THEOREME 3 (Brisure de symétrie). Hexiste une fonctioh(a) définie pours < 0, vérifianth(0) = 0,
a<h(a)<a+1poura<0,eta+1—h(a)— 0quand—a — oo, telle que pour touta,b), a < 0 et
a <b< h(a),le minimumS(a,b) est atteint par une fonction qui n'est pas invariante par rotations.

THEOREME 4 (Proprieté de symétrie).Poura < b < a + 1, le minimumS(a,b) est atteint par une
fonctionu(x), qui aprés une éventuelle dilatatiariz) — 7N —2-20)/2 y(7z), satisfait la symétrie qu’on
appellerainversion modifiée (|z|2z) = [z ~22u(x).

THEOREME 5 (Multiplicité asymptotique). Soitb — a € (0, 1) fixé, alors pour tout entier posit#, il
existeay, < 0 tel quea < a; implique(3) a une solution &-bosses.

1. Introduction

In [3], among other things, Caffarelli, Kohn, and Nirenberg established the following inequalities: for al

u € CP(RY),
2/p
( / |a:|-bp|u|Pda:) <Cos [ lel 2 Vul 1)
RN RN
where, forN > 3:

—o<a<(N—=2)/2, a<b<a+1, and p=2N/[N—-2+2(b—a)]. 2

Let DL 2(RY) be the completion of5°(RY), with respect to the inner product:

(u,v) = / |z|72Vu - Vo da.
RN
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Then we see that (1) holds farc D1-2(RY). We define:

S(a,b) = inf E,p(u), 3)
weDL (RN )~ {0}

to be the best embedding constants, where

—2/p
Eqp(u)= </}RN |x|2“|Vu|2d;v> X </}RN |x|bp|u|pd;v> .

The extremal functions fo§ (a, b) are ground state solutions of the Euler equation:
—div(|z|7**Vu) = |z|~%PuP~t, w >0, inRY. (4)

Note that the Caffarelli-Kohn—Nirenberg inequalities (d4@émore general versions of the inequalities
in [3] and [12]) contain the classical Sobolev inequality£ b = 0) and the Hardy inequalityu(=0, b =1)
as special cases. These played important roles in many applications by virtue of the complete knowledg
the best constants, extremal functions and their qualitative properties. Thus it is a fundamental task to st
the best constants, existence (and nonexistence) of extremal functions, as well as their qualitative prope
in inequality (1) for parameteksandb in the full parameter domain (2). Much progress has been done for
the parameter regio: < a < (N — 2)/2, a < b< a+ 1. In [1,15], the best constant and the minimizers
for the Sobolev inequalitya(= b = 0) were given by Aubin, and Talenti. In [11], Lieb considered the case
a=0,0<b< 1 and gave the best constants and explicit minimizers. In [9], Chou and Chu considered tl
full a-nonnegative region and gave the best constants and explicit minimizers. Also festbimegative
region, Lions in [13,14], and Wang and Willem in [17], have established the compactness of all minimizin
sequences up to dilations. The symmetry of the minimizers has also been studied in [11] and [9]. In fa
all nonnegative solutions i®}2(RY) for the corresponding Euler equation (4) aalial solutions(in
the caser = b = 0, they are radial with respect to some point) and explicitly given [1,15,11,9]. This was
established in [9], using a generalization of the moving plane method (e.g., [10,2,8]).

On the other hand, it seems that little is known for parameters in-thegative region—oo < a < 0,
a < b<a-+ 1. The goal of this paper is to settle some of the questions concerning inequalities (2
with parameters in the-negative region, such as the best constants, the existence (and nonexistence)
minimizers, and the symmetry properties of minimizers. Fordheegative region we shall reveal new
phenomena that are strikingly different from those fordh@onnegative region. We also study the positive
bound state solutions and fef large we construct solutions having prescribed subsymmei®/(af).

2. Results on the extremal functions (ground state solutions)

To state the results, I&t,(RY) be the best embedding constant freih(R”) into L?(RY), i.e.,

—2/p
S,R¥)=  inf (/ |Vu|2+u2da:>><</ |u|de) .
weH! (BN )~ {0} \ Jrn RN

THEOREM 1 (Best constants and nonexistence of extremal functions).S{{i)b) is continuous in the
full parameter domairg2). (i) For b=a + 1, we haveS(a,a +1) = [(N — 2 —2a)/2]?, andS(a,a + 1) is
not achieved(iii) For a < 0 andb = a, we haveS(a,a) = 5(0,0) (the best Sobolev constyyand S(a, a)
is not achieved.

THEOREM 2 (Best constants and existence of extremal functions).Fotu < b < a + 1, S(a,b) is
always achievedii) For b — a € (0, 1) fixed, asa — —o0, S(a,b) is strictly increasing, and

S(a,b) = [(N -2 —2a)/2] """ [S,(RY) + o(1)].
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THEOREM 3 (Symmetry breaking). Fhere is a functiorh(a) defined fora < 0, satisfyingh(0) = 0,
a<h(a)<a+1fora<0,anda+1— h(a) — 0 as—a — oo, such that for anya, b) satisfyinga < 0
anda < b < h(a), the minimizer forS(a, b) is nonradial.

THEOREM 4 (Symmetry property).For a < b < a + 1, the minimizer ofS(a,b), possibly af-
ter a dilation u(z) — 7(N=2-20)/2y(7z), satisfies the “modified inversion” symmetry(|z|~2z) =
|$|N_2_2au(a:).

Remark 1. — By Theorems 2 and 3, it is likely that there are no closed form minimizers, so it seems t
be very difficult to examine the best constants in the interior of the region.

Remark?2. — For a special casé=0, —1 < a < 0, the existence of a minimizer was given in [4] using
a quite different method.

Remark3. — In the casé = a, we havep = 2*, the critical Sobolev exponent. The situation is quite
delicate since for > 0, S(a,a) is strictly decreasing i and is solvable as we mentioned above [9,17],
and fora < 0, we haveS(a,a) = S(0,0) and the nonexistence result in Theorem 1.

Remark4. — For Theorem 3 we have an explicit estimate from below(af.
Remark5. — The result in Theorem 4 holds for all nonnegative bound state solutions of (4).

Our approach to the problem in this paper is quite different from that used in the quoted papers |
4,9,11,13-15,17] in which the problem was worked directlyli?(R™). We shall take a detour to
convert the problem to an equivalent one definedBR x SV~1). While taking advantages from the
two formulations we shall mainly work with the equivalent oneldhR x SV—1). We use the notation
C =R x SV~ In the following we sketch the ideas for proving our main results, we refer the details an
more general results to [6] and [7].

To u a smooth function with compact supportid’ \ {0}, we associate a smooth function o with
compact support, by the transformation

v u(w) =[Ny (—In fa], @/ |o]) (5)
Using this transformation, we proved in [6]:
PROPOSITION 1. —The mapping5) is a Hilbert space isomorphism frof’-2(RY) to H!(C), where
the inner product oil* (C) is (v,w) = [, Vv - Vw + ((N —2 — 2a)/2)2vw dp.

Now we define an energy functional 61 (C):

Fop(v) = (/C|W|2+ (W)iﬂdu) X (/Cvpdu> _2/,,. (6)

If w e DL2(RY) andv € H!(C) are related through (5), thef, ,(u) = F, ,(v). Moreover,u is solution
of (4) if and only ifv satisfies

—Av—|—[(N—2—2a)/2]2v=vp_1, v>0 onC. (7)

These observations allow us to draw conclusions from the equivalent problem (7). The reformulati
enables us to make use of a combination of analytical tools such as compactness argument, resca
concentration compactness principle, bifurcation analysis, moving plane method, etc.

The proof of Theorem 1 (i) depends upon a convergence argument and we refer to [6].

To prove Theorem 1 (ii), we note that, ,1(v) > [(N — 2 — 2a)/2]? for all v € H}(C). On the other
hand, one can easily construct a sequefige C H!(C) of radial functions such that?, .1 (v,) —

[(N — 2 — 2a)/2]?. Therefore,S(a,a + 1) = [(N — 2 — 2a)/2]2. For nonexistence of minimizers, one
notes that for\ > 1, the equation—Av + A%v = v has no nonzero solution iH!(C). For0 < A < 1,

440



On the Caffarelli-Kohn-Nirenberg inequalities

e, (N —4)/2<a< (N —2)/2, assume thab(a,a + 1) is achieved by some nonnegative function
v € HY(C) \ {0}. By the maximum principler > 0 everywhere. Denote by(t) the average of on the
sphereg = constant. Therf is a positive function il! (R) and satisfies the ODE: f;; + A2 f = f, which
implies f =0, a contradiction.

Next we sketch the proof of Theorem 1 (iii). The case b = 0 is well known (the Yamabe problem
in RY). In this case, the infimun$(0,0) is achieved only by function®, ,(z) = C N =2/2 (% +

|z — y|2)_(N_2)/2, u >0, y € RV. Note that fory small, this function concentrates aroupd For
y # 0 we getS(0,0) = lim, .o E,« (U,). Due to this fact one concludes that fer< (N — 2)/2,
S(a,a) < 5(0,0). Fora < 0, assume by contradiction th&{a,a) < S(0,0). Then there is @ € H*(C)
such thatF, ,(v) < S(0,0). But by the expression (6}, .(v) > Fpo(v) > S(0,0), a contradiction.
Hence,S(a,a) = 5(0,0) for all a < 0. Next, we showS(a, a) is not achieved for < 0. If the conclusion
is not true, for somex < 0 andv € H!(C) we getS(a,a) = F, .(v). But F,, ,(v) > Fyo(v) = S(0,0),
contradicting withS(a, a) < 5(0,0).

The proof of Theorem 2 makes use of concentration compactness principle [13] and a more detai
version of it, contained in [5,16]. For Theorem 2 (i), the method is based on rescalings and is related to't
study of:

—Au+Nu=uP"! inRY, (8)

for X large. A bifurcation argument and a comparison argument are used in the proof of symmetry breaki
result Theorem 3. The study of the linearized equation yields the construction of test functions wii
energyE, ;, bellow the least energy in the space of radial functions. Finally, the moving plane metho
is used in proving the modified inversion symmetry of all bound state solutions. The proofs are rath
lengthy and we refer to [6].

3. Bound state solutions having prescribed symmetry

Since our results show that far< 0 there is a region where bound state solutions of (4) are not unique,
it is an important issue to investigate the solutions structure for this problem. An interesting question tt
arises naturally is to seek nonradial solutions having prescribed sym@etihereG is a subgroup of
the orthogonal grou® (V). Note that (4) is radially invariant, in the sense that i a solution, so igu
for all g € O(N), wheregu(z) = u(g~'z). It would be interesting to know whether one can classify all
solutions of (4) according to their symmetry. We partially answer this question by constructing solutior
with prescribed symmetry group. Here, farc D1-2(RY), the symmetry group ofi is defined to be
Yu.={9€O(N):gu=ua.e}.

DEFINITION 1.-LetG Cc O(N) be a closed subgroup, so ti@iacts onSV 1. We sayG has a locally
minimal orbit set) c SV, if there existk € N, ands > 0, such that: (a2 is G-invariant; (b)# Gy = k
foranyy € Q; (c) # Gy > k for anyy € SV =1 with 0 < dist(y, Q) < é.

DEFINITION 2.—We sayG is maximal with respect to a locally minimal orbit Setif for any closed
subgroupH, with G < H < O(N), H # G, we have# Hy > k for anyy € Q.

THEOREM 5 (Solutions having prescribed symmetryAssumés C O(N) is a closed subgroup having
alocally minimal orbit sef2 ¢ SV ~! (corresponding to an integér). Letb — a € (0, 1) fixed, then for-a
sufficiently large(4) has aG-invariant, k-bump solution:, concentrating neaf asa — —oc. Moreover,
if G is maximal with respect t, thenX, = G.

The idea of proving Theorem 5 comes from our earlier work in [5,16], where other type of radially
invariant elliptic problems have been shown to have nonradial positive solutions with prescribed symmet
A rather general local minimization scheme has been used in [5] and [16] and overcoming some techni
complications we employ this method again. Let us sketch the procedure here. It is more convenient
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work with the equivalent equation (7). Denote= (N — 2 — 2a)/2. It is known that problem (8) has a
unique (up to translations) positive solution, andXer oo these solutions concentrate around some point.
This concentration phenomenon allows local study of Palais-Smale sequerttddruer the requirement

of symmetry, we showP.S.) sequences which have most of the mass in certain open sets around a loca
minimal orbit©2, have convergent subsequences. To be more precise, we define an open stpsé€ in
(the space of functions invariant under the actiold-Qf

/Cé,A:{ueH%;(cw/mwdu:l, / |u|pdﬂ>1_a}.
c Ax

Hereo = (k4 1)/(k + 2), andA, is a suitably chosen open subsetXfwhich containg2. Provided\

is sufficiently large, it can be shown that local minimizing sequences in th€%gthave a subsequence
convergent to a solution of (7) (for details, we refer to [7]). The novelty in this approach is that we are ab
to obtain by one method, both global minimizers in the space of symmetric functions and local minimizet

4. Final remarks

1. The inequality (1) also holds fav = 1 and NV = 2 with corresponding conditions o@, b. The
conditions for these cases are: —for=2: —co<a<0,a<b<a+1,andp=2/(b—a);,—for N =1:
—oo<a<—1/2,a+1/2<b<a+1,andp=2/[—1+2(b— a)]. In [6] we also study these cases, and
for N =1, we have a complete solution for the problem.

2. An open question related to Theorem 3 is: can one find the exact form of the/durvevhere the
bifurcation of minimizers foiS(a, b) from radial to nonradial occurs?
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