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Abstract. We study the existence and the asymptotic behavior of so-
lutions of (1.1), when V' can vanish and decay to zero at infinity.

1. INTRODUCTION AND MAIN RESULTS
This paper deals with NLS with potentials like

{ —e?Au+ V(x)u = K(z)uP, x€R",

1.1
u € WEH(R?), wu>0. (1.1)

We are motivated by the recent works [1, 3, 5, 6]. The two former papers
deal with the case that V is positive and have an appropriate decay to
zero at infinity. The two latter ones, with the case in which V vanishes
at some set Z (referred to in [5] as the case of the critical frequency), but
liminf|,|_,o V' (7) > 0. The main purpose of the present note is to show that,
using some ideas of [1, 3] jointly with some arguments of [5, 6], it is possible
to extend the results proved in the aforementioned papers to potentials V'
that can both vanish and decay to zero at infinity.

First of all, we will show that for € small there exists a ground state
solution of (1.1) (semiclassical state), so that the fact that V' can vanish
does not affect the existence results of [1, 3]. By a ground state we mean
a solution which is a mountain pass critical point of the energy functional
associated to (1.1).
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1322 A. AMBROSETTI AND Z.-Q. WANG

Next, we study the concentration of these ground states as ¢ — 0, a
phenomenon which is important for its implications in quantum mechanics.
Loosely speaking, we say that a solution v. of (1.1) concentrates at a point
x* if ve tends to zero uniformly out of x*. Concerning concentration, we show
that the ground states concentrate on points of the zero set of V. Moreover
the behavior of the solutions near these points is similar to the case studied
in [5], of V being positive away from zero at infinity. It is not affected by
the fact that V decays to zero at infinity, but depends only on the local
behaviors of V' near the points of concentration where V is zero. However,
the decay rates of the solutions at infinity do depend on the decay property
of V.

We assume that V' and K satisfy

(V) V e C(R™",R), and there exist Ry, k1, > 0 such that

k1
\%4 > > Ra:
(@) = 14 |z]o” x| = Ro;
(K) K € C(R™",R), and there exist kg, 3 > 0 such that
k2
O0< K < — R™.
< ($)_1+|x\5’ T €
Let
+2 48 .
o=t ey Ho<h<a (1.2)
1 otherwise,
and set

Z={zeR":V(z)=0}.
Let us remark that (V') implies that Z is bounded. We will be interested in
the case that Z # (). Our main existence result is the following one.

Theorem 1. Suppose that (V) and (K) hold and let 0 < a <2, >0 and
oc<p< Z—fg Moreover, assume that Z # (). Then for e sufficiently small,

(1.1) has a ground state v. € WH2(R™), concentrating at some point x* € Z,
as € — 0. Moreover, there holds

lin(l) [|ve]|oo = 0, and limiélfsz’%HvEHoo > 0. (1.3)
€e— PN

n+2
n—2

Remarks 2. (i) In [1] it is proved that the growth restriction o < p <
is necessary in order to get a ground state.
(13) If Z = (), related existence results can be found in [1, 3]. In the former,

any € > ( is allowed and ¢ < p < Z—fi is assumed. In the latter, it has been
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proved that for ¢ < 1 (1.1) has a solution (possibly not a ground state) for
all 1 <p< Z—J_rg

(iii) If Z # 0 and liminf), ., V' > 0, a result similar to the preceding
theorem is contained in [5, Theorem 2.1].

(iv) The fact that v. concentrates at some point z* € Z agrees with

the results of [1], where it is proved that concentration arises at a global

minimum of the auxiliary potential A := V%_%K _%. Obviously, in the
present case each point in Z is a global minimum of A, because A vanishes
on Z. But here, in contrast with [1], the ground state does not remain
bounded away from zero. Actually, the behavior proved in (1.3) is just the
behavior of solutions found in [5]. O

As in [5, 6], one can be more precise about the asymptotic profile of the
concentrating solutions, provided one makes some further assumption on
the behavior of V near Z. However, here we do not consider all the cases
discussed in [5] but we shall focus on the one (which is referred to as finite
case in [5]) where V has a polynomial decay to zero near a zero point of
V. Without loss of generality we assume V(0) = 0. P(z) is said to be of
homogenous degree m > 0 if P(Az) = [A\|"P(z).

The following theorem shows that also the asymptotic profile of the ground
states is quite similar to the one established in [5]. Actually one can prove:

Theorem 3. Suppose that (V) and (K) hold and let 0 < a < 2, 8 > 0

and o < p < Z—f% Let Z = {0} and suppose that for some m > 0, V(z) =

Pr(z) + Q(x) satisfies limy o |2|""Q(x) = 0, where Py, is homogeneous

of degree m > 0. Let v be a solution of (1.1), localized near 0, given in

Theorem 1. Then for any €, — 0 there is a subsequence (denoted still by
2

2 m_ 2
en) such that e, ' "o, (e x) converges uniformly to a ground state
solution of
—Aw + P (z)w = K(0)w?,z € RV, (1.4)

Remark 4. The behavior of the solution v. found above depends on the
fact that the concentration point is a zero of V. If there exists a solution
concentrating on a critical point of A with V' > 0, its behavior would be like
a usual spike that one finds in problems where infg» V' > 0. This has been
proved in [4] dealing with the radial problem

—2Au+V(z)u=vP, uweWHHR"), u>0, (1.5)
where p > 1 and V is radial and satisfies (V). If the weighted potential

M(r) = r"_IVE(r), ! = ;%} — %, has a minimum or maximum at some
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r* > Ry, then it is proved that (1.5) has, for ¢ < 1, a radial solution v,
which concentrates on the sphere of radius r*. In such a case, v. ~ U (%),
where U is the positive, radial solution of —U”+U = UP such that U’(0) = 0.
This is related to the fact that V (r*) > 0. O

The proofs of Theorems 1 and 3 are carried out in Section 2 and 3, re-
spectively.

2. PROOF OF THEOREM 1

The proof of Theorem 1 is divided into several steps.
A. The functional setting. Let

lulle = / [|Vu]2 + V(sx)uﬂ dx,
Rn

and let E. denote the closure of C5°(R"™) with respect to || - [|c. According to
the results of [7], E. is embedded (respectively, compactly embedded) into
the weighted Lebesgue space

L?I(R”) = {u e LITHR) ; / K (ex)|u|"dz},
Rn

provided 0 < a <2, 8>0and 0 < ¢ < z—f%, respectively o < ¢ < Z—J_rg To
be more precise, the results in [7] are proved under the further assumption
that V(x) > 0 on R™. These results have been also proved in [1], see in
particular Remark 10, and it is easy to check that the arguments carried
out in [1] rely only on the behavior of V' and K for |z| > 1, namely on the
assumptions (V') and (K).

In particular, one has that

K(ex)|ulPde < 4o0.
]Rn
If A C R” weset A, = {x € R" : ex € A} and denote by A° the 6-
neighborhood of A. For simplicity we denote (A°). as A%. Fixed § > 0 small
enough, let us consider the following constrained minimization problem
3(p+1)
me = inf{||ul)? : / K (ex)|ulPMde =1, / K(ex)|ulPtde < e = }.
R R\ Z¢
Remark 5. Above, the choice of the exponent 3(p+1)/(p—1) has been made
to keep our notation as close as possible to that in [5, 6], where localized
solutions concentrating on an isolated component of Z are given for the case
the potential has a positive lower bound at infinity. Although we are dealing
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here with ground state solutions, with minor changes our arguments can be
adapted to obtain these type of localized solutions, see also Remark 8. For
ground state solutions, some notations can be simplified, for example, in the
double constraints problem, the exponent 3(p + 1)/(p — 1) can be replaced
by any a > 0. g

Since, as pointed out before, the embedding of E. into L%’ s compact
provided o < ¢ < ”+2 , it follows that m, is achieved at some u. € E.. Hence
me > 0 and there ex1st Ae, e € R such that

—Aue + V(ex)ue = A K(ex)ul + prexpm zas K (ez)ul,  u. > 0. (2.1
We want to show that u. € W12(R") and there holds

3(p+1)

/va\ga K(ex)|u’p+1d$ < e p-1 | (2'2)

l
If this is the case, then %, = mZ 'u. is a solution of

—Au, + V(ex)u, = K(ex)ul, us > 0, (2.3)

1
and v.(z) := U (e 'w) = m& " u (e 1x) solves (1.1).

B. Some estimates. We first show
Lemma 6. There holds: m. = o(1) as € — 0.

Proof. Let zg € Z. For all a > 0 there exists b > 0 such that for all
|z — xo| < b one has that V(z) < a. Then

< ¢ [1IVul* + V(ex)u?]|dx
Me = n 2/(p+1)
u€C®(By /e (20)) (f K 5x)\u]p+1da:)
< nf [1IVul|? + au?]dx
T ueC§e(Byye(x0)) (fon K (c) |u|p+1dx)2/(l7+1)

2 2
< max (K(x))—Q/(P‘H) inf JIVul* + au2 ]dml ‘
By (o) u€C§®(By e (z0)) (fRn |u’p+1dx) /(p+1)

Since a can be taken arbitrarily small, the last infimum tends to zero as
€ — 0 and the lemma follows. O

Next, we turn our attention to (2.1). By arguments similar to [5] one finds
that ue <0 < A.. We claim that there is a constant A such that

limsup A: < A. (2.4)

e—0
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If not, for €, — 0 one has lim,_, A;,, = +00. Take a cut-off function ¢,

such that
0 ifwrg 2l
:L' n
#nl ){1 it v € 22°,
0<¢n <1, |Vou(z)| < 2e,/5. Set u, = ue, and A\, = A.,. Multiplying
(2.1) by ¢nu, and integrating by parts, we get

An K(epz)uPlde < / [|Vun -V (unen)| + V(enx)uigon] dx

z3/2 R

n

gcl/ [1Vunl? + [Von Plunl? + V(ena)u2] do.

Since inf{V(z) : = € 2%\ 2%2} > 0 and |V, (z)| < 2,/5, the above
inequality implies, for n > 1,

K(epz)uldr < 02/ [[Vun|® + V(enz)u] dz = come,,.

n

n 20/
Since m., — 0 and A, — oo, it follows that

e K(epx)ub™de — 0, n — oo. (2.5)
Choose another cut-off function
0 ifzxe ng, orx ¢ 255/4
vn(@) {1 if o e 20\ 224,
such that 0 < ¢, < 1, |V, (z)| < 4e,, /6. Taking n > 1 such that A\, > 1,

and using arguments similar to the previous ones, we get

K(epz)ul ™ de <\, K (enz)ul ™ ep,da
R” R"

— [ [V V) + s P da
< ot [ IIuaPhl + un PIV G + ] do
< ¢ /n [[Vun|® + V(enz)u] dz — 0,

where we have used again that inf{V (z) : x € 25%/4\ 29/2} > 0. But,

K(sn:ﬁ)wnuﬁﬂdw > /
z

p+1
o " K(enz)|u, [P de.

[
&n
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Using (2.11) it follows that

/6 \Z30/4 K(ep)un|PTde — 1, n — oo,
25 \Z

€n

Hence,

lim inf/ K (en)|thnn [P dz > Const. > 0,
Rn

n—oo

a contradiction. This proves that (2.4) holds.
C. Exponential decay.

Lemma 7. There exist Ry >0, C = C(p,n) >0 and d = d(p,a, 3,n) > 0,
such that for |z| > % there holds

juea)| < Claftexp { ~ 1 Jlog 3] ('$'T;f251)7) T

This is essentially Lemma 22 of [1]. For the reader’s convenience, let us
outline below the proof, referring to [1] for more details. The main two steps
in the proof of [1] are the following (i) and (i) below.

(i) For all §; > 0 there exists R > 0 such that, for all R > R and all
u € E,

/| n K (ex)|ulP ™ (z)dx (2.7)

(p+1)/2

< </ [[Vu(z)|? + V(ex)u?(z)] dx)
|z|> 2
(ii) Let u. satisfy (2.1) and set Q,, = {|z| > n*/(=®}. Then for n > 1,

/ [[Vue|? + V(ex)u?] da < %/ [|Vu|? + V(ex)u?] dz. (2.8)
Qi1 n
As for (i), this is nothing but the counterpart of [1, Proposition 11] in our
setting and it is easy to check that the proof carried out in [1] can be repeated
here. Actually the assumption that V' > ¢ > 0 does not play any role,
because in (2.7) all the integrals are evaluated for |z| > 1, only.

To prove (2.8) we modify the arguments used in [1, Lemma 17] as follows.
Let ¢, (r) be a piecewise affine function such that

on(r) =0, Vr< n2/(2—a)7 dn(r) =1, Vr>(n+ 1)2/(2—01)'
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Using (2.1), the fact that g, <0 and ¢, <1 we find

/ (Ve - Vi(uehn) + V(ex)ule,] de < A, / K (enx)ul™ da.
Qn

n

By a calculation similar to that in [1] and using (2.4), we get
/ [[Vue|? + V(ex)uZ] dz < / b [|Vuel® + V(ex)u?] dx
Qn+1 Qn

<A\ K(ex)uldr — / (Vue - Voo, )dz
Qp Qp

< A/ K (ex)ufda + %/ [[Vue|® + |V |*u?] da.
Qn n
Since |V,| ~ n=/(2=®) we infer that |V¢,|> < V(ex) in Q. for n > 1,
and hence

/ [[Vue|? + V(ex)u?] dz
Qn+1

Qn n

This and (2.7) yield, for ¢ < 1,

/ [[Vu:? + V(ex)u?] do
Qn+1

pt1

< 01A Vue|? + V(ex)u?] dz) * + 3 |Vue|? + V(ex)u?] da.
€ D) €

One also has
p+1

(/Q [|Vu|? + V(ex)u?] dac) :

n
p—1

= (/Qn [|Vu5|2 + V(em)ug] aluv)7 / [|Vu€|2 + V(ex)ug] dx

—1
< m:T / [|Vu5|2 + V(sm)ug} dzx.

n

Then we find
p—1

/ [[Vu:|? + V(ex)uZ] de < ((51AmgT + %) / [[Vue* + V(ex)u?] da,
Qn-&-l Q’ﬂ

proving (2.8).



NONLINEAR SCHRODINGER EQUATIONS 1329

Once we know that (i) — (i7) hold, one can repeat the arguments in [1]
proving Lemma 7.

D. Proof of Theorem 1 completed. To complete the proof of Theorem
1 it remains to show that u. € WH2(R") and that (2.2) holds.
Fix Ry and C as in Lemma 7 and let p > 2Ry + C. Then (2.6) implies

/ K (ex)ultdz ~ cexp ( — %), c>0. (2.9)
R™\B,,. o/
Letting Q. := By,/. \ 220 it follows that info_ K (cx) > constant > 0. This
and the fact that

3(p+1)

K (ex)ufTde < / K(ex)uPde < e T |
R\ 22

Qe
imply that

/ ultldr — 0 as e —0.
Qe

Then by elliptic estimates, ||uel|f.) — 0. Taking ¢ possibly smaller, we

can assume that 220 c Bs, and hence there is v > 0 such that info_ V(ex) >
2v. For € small, we have

)\E(sup[K(s:I:)uE(ac)])p71 <7, supuc(z) <1

£ £

Then there holds
—Auc + [V(ex) — y]ue <0, in Q,
ue(x) <1 on 022,
ue(z) < cexp(—ce/?) in 0By, /..
Let W, denote the solution of
—AV, + ¥, =0, in Q.,
U (z)=1 on 022,
U (z) = cexp(—ce*/?) in 0Bsp/e-
Then by the comparison principle,
ue(x) < U (x), Ve Q..

Since W, decays exponentially to zero at infinity, there exists C' > 0 such
that

C
ue () gCexp(—;), V$€Bp/€\2§6.
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Hence u. € W12(R"™). Moreover, the preceding inequality and (2.9) yield,
fore < 1,

3(p+1)

C
/ K(ex)uldz < Crexp ( — —1) <eg T,
Rn\ 23 €

proving (2.2).

1

Now define v.(x) = m& 'us(e~'z). Then v, solves equation (1.1). By

Lemma 6 we have ||vs||oc — 0 as € — 0.
=2 ~ =2
Finally, we show liminf. ,oe7=T||ve||cc > 0. Set . = er—Tv,, and note
that 0. satisfies

1
—AD + 5—2‘/(:6)65 = K(x)0L. (2.10)
Choose a cut-off function ¢ € C5°(R") satistying ¢(z) = 1 for x € Br(0)

such that R > max{Rg,2R; + C} and 2% C Bg(0), where Ry is from (V)
and 2Ry + C' is from Lemma 7 so that (2.6) holds. We have

K ()P < kz/ N @*02 4 (1 — ¢)*02). (2.11)
RTL n
There holds, for some C' > 0,
[ < ot [ P (2.12)

<l [ [var+ v
Furthermore, choosing § > 0 such that p—1—46 > 0 we use (V') to infer that
| ota-ope <t [ w0 - e
e

Using Lemma 7, we find that (1 + |z|*)2? < 1, provided |z| > R and ¢ is
sufficiently small. From this and the previous equation we get

/ PR < kMt /R V(a)e? (2.13)

1 p—1— ~ 1 ~
[ (VAP + Vi

IN

IN
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Using (2.11 - 2.12 - 2.13) and the equation (2.10) we infer that ||V:]|ec >

C > 0 and thus liminf._oe 71 ||o.][c > 0. This completes the proof of
Theorem 1

Remark 8. We may also consider localized solutions concentrating near an
isolated subset A of the set of zeros of V', Z. I.e., we require d(A, Z\ 4) > 0.
This was done in [6] for the case lim inf 2|00 V' 18 positive. Slightly refined
versions of the arguments above give results of this type. We refer to [6] for
details. g

3. PROOF OF THEOREM 3

In this section we will give the proof of Theorem 3. By [6], the equation
has a least energy solution v. which has an exponential decay at infinity.
By a scaling depending on m, we define

we(z) = Efﬁ%ﬁva(emiﬁx).
Then w, satisfies
—Awe(z) + (P(@) + e 2 Q(em 2 ) )w, = K (et z)ub.

By Lemma 7 and the construction of the solution we have that for each
2
91 > 0 there exist C, ¢ > 0 such that for [em+2z| > dy,

2 m m
we(x) < Ce™ p-1m+2 exp(—ce” m+2|x]). (3.1)

By using (V), we first claim that for |z| > sfmiﬁRo,

2m

k1
e mtzV (e m+2) > —. (3.2)

x|®

By the property of @) there exists do > 0 such that for |5m+2 x| < 6g, Pp(z)+
e miz Q(€m+2 z) > 3 Pp(x). Thus there is Ry > 0 such that for |z| > Ry

_27mv( _27m) > kl (3 3)
e mt2V (e m¥z) > —. )
= 2
Since a ground state solution w to (1.4) is exponentially decaying at infinity,
we have
2m 2
1imsup/ Vw2 + (Po() + & 5 Q(em ) )u? < / Vwl? + Po(2)0?.
e—0 n Rn

From these and the elliptic estimates we get that the L norm of w, is
uniformly bounded for € small. By the fact that P, (z) — oo as |z| — o
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and an elliptic estimate again, w. tends to zero as |x| — oo uniformly for e
small. Then by this and (3.1) we have R3 > Ry such that for |z| > R3,

_2 _ 1 K
K(emaa)ut™ (o) < 5o
Thus for |z| > R, Awa—%é%wg > 0. By Lemma 6 of [3] and the comparison

principle, we get for some constant C,C' > 0,
we(z) < C’exp(—c|x|277a).

Next we show liminf. g [|we||oc > 0. If not, using the above estimate and
similar to the end of the last section, we have

2—a)(p+1)

/ V.| + Efﬂi—%V(smLHx)wg < Cexp(—ce  m+2

Scaling back to v, we would have ||v:||o tending to zero exponentially as
€ — 0, which is a contradiction with (1.3). The convergence of the solutions
to a least energy solution of (1.4) follows from the elliptic estimates and the
uniformly exponential decay property.
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