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Abstract

This paper is concerned with the existence and qualitative property of stand-
ing wave solutions ¥ (¢, x) = e lEt/ hv(x) for the nonlinear Schrédinger equation
h% + h—;At// — V(@)Y + |¢|P~ 'y = 0 with E being a critical frequency in the
sense that mingny V (x) = E. We show that there exists a standing wave which is
trapped in a neighbourhood of isolated minimum points of V and whose amplitude
goes to 0 as i — 0. Moreover, depending upon the local behaviour of the potential
function V (x) near the minimum points, the limiting profile of the standing-wave
solutions will be shown to exhibit quite different characteristic features. This is in
striking contrast with the non-critical frequency case (infgnv V (x) > E) which has
been extensively studied in recent years.

1. Introduction

The evolution of a free non-relativistic quantum particle is described by linear
Schrodinger equations, and this is one of the main results in quantum mechanics.
On the other hand, for a group of identical particles interacting with each other
in ultra-cold states, in particular, Bose-Einstein condensates, their evolution is de-
scribed, via Hartree approximation, to an excellent degree of accuracy by nonlinear
Schrodinger equations (see [Me]). The equation arises in many fields of physics,
in particular, when we describe the propagation of light in some nonlinear optical
materials; the nonlinear Schrédinger equations in nonlinear optics are reduced from
Maxwell’s equations (see [Mi]). The nonlinear Schrodinger equation is typically
of the form

oy | h?

ih——+ 5 Ay = VU + Py =0, (1

where /i denotes the Plank constant, i is the imaginary unit. In physical problems,
a cubic nonlinearity, p = 3, is common; in this case, the equation is called the
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Gross-Pitaevskii equation. In this paper we are concerned with the existence of
standing waves of the nonlinear Schrédinger equation (1) for small /. For small
h > 0, these standing-wave solutions are referred to as semi-classical states. Here a
solution of the form v (x, t) = exp(—i Et/A)v(x) is called a standing wave. Then,
a function ¥ (x, t) = exp(—i Et/h) v(x) is a standing-wave solution of (1) if and
only if the function v satisfies

In?Av— (V(x) = Eyv+vP"luv =0, xeRV, )

If for some £ € RV \ {0}, V(x + s&) = V(x),s € R, equation (1) is invariant
under a Galilean transformation,

Y(x, 1) = ¥x =&, 1) exp(i§ - x/h — 3ilsP1/m)Y (x — &1, 1).

Thus, in this case, standing waves reproduce solitary waves travelling in the direc-
tion of . In this paper, we investigate problem (2) when

inf V(x)=E.
xeRN
Under the condition that
inf V(x) > E,
xeRN

problem (2) has a ground-state solution (mountain-pass solution) for # > 0 small
(see [R]) when inf gy V(x) < liminf x| V(x); furthermore, the following
well-understood problem in RY plays a crucial role in the construction of solutions
of (2) and is considered the limiting equation for (2) as # — O:

Au—u+ulP'u=0.

This problem has a unique ground-state solution w > 0:
On the other hand, for
inf V(x) < E,
xeRN
we can show easily that there are no ground-state solutions (mountain-pass solu-
tions) of problem (2) if i > 0 is sufficiently small; moreover, there is no nice
limiting problem as in the case E < inf g~y V(x). In this sense, we can say that
E =inf g~ V(x)is acritical frequency (or energy) for the nonlinear Schrédinger
equation (1) or problem (2).
There have been enormous investigations on problem (2) under the
condition
inf V(x) > E.
xeRN
FLOER & WEINSTEIN proved in [FW] that, for sufficiently small 7 > 0, there exists
a solution uy of (2) with liminfs_, o max, cpn |us(x)| > O which is concentrated
around a non-degenerate critical pointof V. when N = 1, E < infpy V(x), p =3
and V is a bounded function. They used a Lyapunov-Schmidt reduction method to
obtain the result. Further investigations and developments have been carried out
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by OH [O1-03], WANG [W], RABINOWITZ [R], DEL PINO & FELMER [DF1-DF3],
AMBROSETTI, BADIALE & CINGOLANI [ABC], GUI [G], L1 [L], DANCER & YAN
[DY], KANG & WEI [KW] and many others. (See also [By4], [Wa] and [CNY] for
a radial potential V.)

In all the above-mentioned works, the authors use the ground-state solution
w of the limiting equation stated above as a building block to construct sin-
gle-bump or multi-bump solutions for (2) with each bump looking like a trans-
lated ground-state solution w. This ground-state solution w enjoys many nice
properties which have been used in an essential way in the above works. Espe-
cially, the Lyapunov-Schmidt reduction method relies upon the uniqueness and
nondegeneracy property of w. The limiting profiles of the perturbed equations
are essentially determined by the ground-state solution w of the limiting equa-
tion.

In contrast, in our analysis of this paper we shall see that for the case of £ =
inf . .gw~ V (x) the situation changes dramatically and depends upon the local beha-
viour of V near its global minimum where V = E. Moreover, the limiting equations
have many different forms, of which some are defined on R with homogeneous
potentials and some are defined on bounded domains which could be of arbitrary
shapes. These new features of the limiting equations provide new phenomena for
the limiting profiles of the solutions of (2). For example, for all solutions obtained
so far under condition inf zv V(x) > E, the maximum values of the solutions are
bounded away from zero (in fact, asymptotically they are proportional to the max-
imum value of w). On the other hand, as we will see in this paper, in the case of
E = min g~ V(x), there is a solution of (2) whose maximum value goes to 0 as
fi — 0; in nonlinear optics, this implies an existence of a standing light with very
small intensity which is trapped in a neighbourhood of stable points of potential V.
In fact, if A is an isolated component of {x € R"|V (x) = E}, we find a solution vj,
of (2) such that limp— [vall poo@ny = O, liminfp_o ™2~V vg ]l o @iy > O
and vy is exponentially small on RN \ U as i — 0, where A C U. This is
in striking contrast with the case min, gy V(x) > E. Another new phenome-
non that is highly contrary to that for the case min, gy V(x) > E is observed
when V is exponentially flat near an isolated zero. For example, for a potential
V which decays exponentially around an isolated zero, there exists a least-energy
solution of (2) in the class of even functions which has at least two local maxi-
mum points hl, h% satisfying limy_, ¢ |h}11 — h§| = 0 (see Remark 3.3.3). It is well
known that such kinds of phenomena do not occur around a local minimum point
ifmin, gy V(x) > E.

We should note that we are more interested in the asymptotic behaviour of the
least-energy solution while it is not difficult to show the existence of a least-energy
solution even in the case min, gy V (x) = E. On the other hand, the existence of
locally minimal energy solutions is rather difficult to demonstrate since the required
solutions are very small and the energy of the solutions can be comparatively small
with a very small perturbation of the required solution.

This paper is organized as follows. In Section 2, we prove the existence of
localized solutions. Their asymptotic behaviour will be investigated in Section 3.
Finally, we discuss some more interesting problems in Section 4.
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2. Existence of localized solutions

We first rewrite (2) in the following form:

A —VX)v+vP =0, v>0, in RV

li =0,
im0

3)

where p € (1, (N +2)/(N —2))for N 2 3, and p € (1,0) for N = 1,2. We
assume that the potential V satisfies the following conditions:

(V1) V is a continuous non-negative function on RV;
(V2) forsome y > 0, liminf |00 V(x) > 2y;
(V3) the zero set of V, Z = {x € RY|V(x) = 0} is non-empty.

Let A be an isolated component of Z. We define A% = {x e RV | dist (x, A) < 6},
and A% = {x € RV|ex € A%}. We assume that

(A) forsome s > 0, A% N(Z\ A) = 0.
We define an energy functional
1 1
To(u) = -/ E\Vul> + Vuldx — —— | u/Pdx.
2 Jrw p+1Jry

Positive critical points of I'¢ (z) are solutions of (3). This can also be rephrased as
a minimization problem for the energy functional

18(@:/ &2 \Vul* + Vu? dx
RN

under the constraint f]RN lu|PT'dx = 1. A solution of (3) is called a least-energy
solution if it minimizes 7°.

Now we state the main result of this section on the existence of localized solu-
tions.

Theorem 2.1. Suppose that (V1)—~(V3) and (A) hold. Then for sufficiently small
& > 0, there exists a solution v, of (3) such that

(i) limg 0 £ 7N Te(ve) = 0;
(ii) limg—0 [|ve | oo gy = 0, liminf, o 6™ P~V |lve|| oo gy > O; and
(iii) for each §' > 0, there exist constants C, ¢ > 0 such that

ve(x) £ Cexp (—gdist(x, A‘S/)) .

On the least-energy solutions for (3), we have the following result similar to
Theorem 2.1.

Theorem 2.2. Suppose that (V1)—~(V3) hold. Then, for sufficiently small ¢ > 0,
there exists a least energy solution v, of (3) which satisfies

(i) limg—0 giNrs(Us) = 0;
(ii) limg— |ve [l pooqrvy = 0, liminf, 0™/~ Djve|| oo gny > 0; and
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(iii) for each 8’ > 0, there exist constants C, ¢ > 0 such that
C . s
ve(x) £ Cexp <——dlst(x, zZ )) .
&

In what follows, we will proceed to prove Theorem 2.1. For the proof of
Theorem 2.2, it suffices to take A = Z in Theorem 2.1.
By arescaling, (3) is transformed to
Au—VEex)u+u? =0, u >0, in RV,
lim u(x) =0. @)
|x]—0

Define V. (x) = V(ex), x € RY. We define a norm

1/2
lulle = (/ |Vul? + Ve (x)u? dx) ,
]RN

and space H, as the completion of C§° (R™) with respect to the norm || - ||,.
We consider the following minimization problem:

I Einf{/ Vul? + Vguzdx‘/ WPt dx = 1,
RN RN
/ uPtl gy < S+D/= e gt
RN\ A% - ’

Let us outline our proofs below. We will show that there exists a minimizer u, of
I satisfying

/RN 46(Mg)p+ldx — 3D/ (1)
\Al

Then, v, = (I /ﬁ)l/ (P=Dy, is a solution of (3), and v, satisfies the properties (i)—(iii)
of Theorem 2.1. The first step is to prove the existence of a minimizer of 7§ in
the following Proposition 2.4. The second step is to estimate the minimizer on a
neighbourhood of Z\A and out of Z; this will be done in Lemmas 2.7 and 2.8.
The last step is to prove the properties (i)—(iii), and this will complete the proof of
Theorem 2.1.

First we have

Lemma 2.3. The following equality holds:

lim 7§ = 0.

e—0

Proof. Let xg € A. Then, for any a > 0, there exists b € (0, §) such that V(x) €
[0, a) for |x — xg| < b. Then, we see that

I < If =inf |Vu|2—|—au2dx uPtldx =1,
A = "a
B(x0,b/¢) B(x0,b/¢)

u € C3°(B(xo, b/s))}.
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It is obvious that

lim I¢ = I, = inf{/ |Vu|2+au2dx‘/ uPldx =1,u e H”(RN)}.
RN RN

=0

Through a simple calculation, we see that

1—n p+l
I,=a 3017,
Therefore, since 1 — %Z—ﬂ > 0, it follows that lim,_,o 7§ = 0. O

Proposition 2.4. For sufficiently small ¢ > 0, 13 is attained by some u. € H;.

Proof. Let {v]}7°, C H. be a minimizing sequence for /5. We can assume
{vp1°2, C C§° (RV) and that vy converges weakly to some v, in H, as n — oo.
Since, in general, an imbedding H, — LP+1(RN ) is not compact, it does not
follow always that [py v dx = 1 and fRN\A;‘S WP dx < g30+D/(=D T
overcome this difficulty, we first find a refined minimizing sequence {u}}>°
follows, which possesses a nicer property.

We take R, > 0 such that supp(v)) C B(0, R,) = {x € RN||x| < R,}. We
can assume that R| S R S R3..., Z;“S C B(0, Ry) and lim,,_, oo R, = 00. We
define the completion of C3°(B(0, R,)) with respect to the norm || - || by H}.
Then, we consider the following minimization problem:

5 =inf {/ |Vu|2+V£u2dx)/ WP dy =1,
' B(0,Ry) B(O,Ry)

Mp+1 dx S 83(P+1)/([7—1) u e Hn .
B(0,R,)\A% o ' ¢

1 as

It is easy to check that {75

LPH(B(0, Ry,)), it is easy to see that there exists a non-negative minimizer uy of
I3 - Note that for any k = 1,

}e,n is bounded. Since H]' is compactly imbedded in

lim IVul)? + Ve(u")? dx < IVoE 12 4 Ve (v5)? dx.
=00 JB(0,Ry) RN
Thus, {u}};° | is a minimizing sequence for I5.
Since u7 is aminimizer for / j ,» there exist Lagrange multipliers o (1), Be (n) €
R such that

Auly — Veull + o (n)(uy)? + Be (M) X B (0, R,)\ A% wH?P =0 in B(0, Ry),

ul >0 in B(0, Ry,),
u, =0 on dB(0, R,),
where a characteristic function x p is defined by xp(x) = 1 forx € B, xp(x) =0
for x ¢ B. Asin [Byl], we can show that B.(n) < 0 < a.(n).

We claim that {«.(n)}, is uniformly bounded for small ¢ > 0, i.e., there exist
g0 > 0and M > O such that for all 0 < ¢ < &g, oz (n) < M for all .
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On the contrary, taking a subsequence of { R, },, if it is necessary, we assume that
there exist positive numbers {g, }, such thatlim,_, » &, =0 and lim,_, g, (1) =
0o. For the sake of convenience, we denote o, = o, (n) and u" = u;'n. We take

om € C§° (RN) such that

Lif dist(x, RN \ AZ) > 1/m,

m(x) = {Oifx ¢ AY,

and such that 0 < ¢, < 1, |V, | < 2m. Then, multiplying both sides of the above
equation by ¢, and integrating by parts, we see that

ay / WP dx
{(xeRN |dist(x,RN\AZ)=1/m}

g/ IVu" | + |Vu" |V u" + Ve, ") dx.
RN

Note that inf ¢ 445\ 43 V (x) > 0. Then, from Cauchy’s inequality, it follows that
for each m = 1, there is C > 0 satisfying

a,,/ WP dx < C/ IVu"|? + Vg, (u")? dx
{xeRN|dist(x, RN\ AS)>1/m} RN

if n is sufficiently large. This implies that for each m = 1,

lim WP dx = 0.
100 JixeRN|dist(x RN\ A$)21/m}

We take ¥, € C°(RY) such that

58
2, orx ¢ A,

0, xecA?
1, xeAP\AY,

Ye(x) = {
0 < <1, and |Vie| L < 4e/8. Then, we see that
lim [lu" Y, [ pr1 = 1,
n—oo

and that {||u" g, ||¢, } is bounded. We note thatinf  _ 4ss \a2 V(x) > 0. This implies

that u" v, is bounded in H I(RN). Then, by the concentration-compactness lemma
of LIONS [Lio2, Lemma I.1] (see also [By1, Lemma 3.4]) there is » > 0 such that

lim sup [ WP dx > ¢ lim sup / (unwgn)”ldx > 0.
B(x,b) B(x,b)

n—od n— o0
xeRN xeRN

Thus, we can take x;, € BA;‘S and a € (0, 1) such that

n—o0

lim inf [ Wy, )P dx = a.
B(xe, ,b)
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We take ¢ € CS°(RY) such that

0, dist(x, dA%) > 24,

d _
Ve (x) = { 1, dist(x, 0A%) < 4,

0= wf <1, and ||V1//‘g Lo < 4/d. From the Poincaré inequality, we see that for
some D > 0, independent of d and n,

/ W uydx < Ddz/ |Vl u? dx.
B(xe,.b) B(xe,.b) !

Note that

f \Vyrd u"|? dx
B(xe,.b)

= [ PR v v P
B(xsnvb)

< 2/ Vi 2 dx + (") |Vyd | dx
B(xe, .b) !

<2 / |Vu"|* dx
B(xey,b)
1

8 p=1 P+
+ B, 15 ([ | whrtdx)
d {xeB(xe, bl dist(x,94%)>24)

and that for each d > 0,

2

lim WPt dx = 0.
"0 JixeB(xe, .b)| dist(x,d A%)22d}

Thus, it follows that
lim w"?dx = 0.
n—o0 B(xsn,b)

From Holder’s inequality, the Sobolev inequality and the fact that the set
{1, u" |, }n 1s bounded, we obtain

lim [ e, u" P dx = 0.

n—o0 B(xsn,b)
This is a contradiction.

Since aset {at (1)}, is uniformly bounded for smalle > Oand [y ()P dx =

1, it follows that {||ug || gy }a is uniformly bounded for small & > 0 (see [By2,
Proposition 3.5]). From condition (V3), we can take R = R(¢) > 0 such that
V(x) = y for |x| 2 R/2, and such that A? C B(0, R/2). Note that Aul! —
Veul +ae () )P~ u? 2 0 in B(0, Ry), and that {|loze (n) (u)? ™| oo vy b i
bounded. Then, since

/ WP dx < /-1,
RN\AASM
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we see from [GT, Theorem 9.26] that
I | oo @\ B0,y < C&/P7Y,
where C is a positive constant, independent of n. Then, for sufficiently small ¢ > 0,
llore () (WP~ || oo @i\ B(0.RY) S /2.
Then, from the maximum principle, we deduce that for some constant C > 0,

ug(x) = Cexp(—y(lx| = R)/4), x| = R. ®)

We assume that u? converges weakly to some u, in Hy asn — oo. Then, we know
that

Ve |> 4+ Ve(ue)? dx < liminf [ |[Vul > + Ve@™)? dx = I5.
RN n—oo RN
From (5), we see that
lim WP dx = | (ue)?*'dx
n—0o0 RN ]RN

and
lim (ug)p+l dx = / (ug)? T dx.

n=00 Jra a0 RN\4%

This implies that u, is a minimizer of /5. This completes the proof of Proposition
2.4. O

Sinceu. € H; is anon-negative minimizer of 7, there are Lagrange multipliers
a(e), B(e) € R such that

Aug — Veue + a(e)ul + (&) x.u? =0in RV,
where

0, xe€ Ag‘s,
Xe(x) = { I, x¢AY.

By the same argument as in the proof of Proposition 2.4 (see also [Byl]), we see
that B(e) £ 0 £ «(e). By using similar arguments to these used in the proof of
Proposition 2.4, we have the following lemma whose proof is omitted.

Lemma 2.5. The set {«(e)}, is bounded.
We have the following decay property of u,.

Lemma 2.6. The following equality holds:

gl_I)I}) ||I/l8 ||L°°(RN\335) =0.
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Proof. We can show the boundedness of {||u¢ || .00 ri 28 }¢ by bootstrap arguments
or the Moser iteration technique (see [By2, Proposmon 3.5] or [GT]). Note that
inf{V(x)| x € R¥\Z?%} > 0. Thus, combining an elliptic estimate [GT, Theorem
9.20], the Sobolev inequality and Lemma 2.4, we see that for some ¢, C > 0,

£—0

1/2
l1m ||ug||Loo(]RN\ZZE) ¢ lim / |Vu€|2 + ug dx
RMZ}

= cClluglle = 0.

Then, we have the following exponential decay of u;.
Lemma 2.7. For some ¢, C > 0,
ue(x) < Cexp(—c dist(x, Z2%)).

Proof. Let 3¢ = inf{V(x)| x € R¥\2%} > 0. Since B(¢) £ 0 < a(e), from
Lemmas 2.5 and 2.6, it follows that for sufficiently small ¢ > 0,

Aug(x) — (Ve(x) —c)ue 20,  x e RN\ZZ,

We find a set 5. containing Zga such that 0, is smooth and max{|x — y| |x €
B,y e 282‘3} < 1. We consider a problem
AU —2cU =0 in RM\B,,
=1 in 98,
lim U(x) =0.

|x]—00

Then, there exists a unique positive solution U of above equation such that for some
C'>0,
U(x) £ Cexp(—c dist(x, By)), x € RM\B,.

Thus, by the maximum principle [PW], we deduce that for some C > 0,
ue(x) < Cexp(—c dist(x, Z2%)).
O

Since V is 0 on Z\A, we cannot apply directly maximum principles to get good
decay estimates on a neighbourhood of Z\A. On the other hand, from the second
constraint fRN\Aég uPtldx < 3P+D/(P=1 e can obtain a good decay estimate
comparing u, with the first eigenfunction on a neighbourhood of Z\A.

Lemma 2.8. For some constant C,c > 0,

lluell oo (235 a5y = C exp(—cd/e).
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Proof. We find the first eigenfunction ® and the first eigenvalue A; of —A on
int(Z4%) with the homogeneous Dirichlet boundary condition. We can assume that
®(x) > 1forx € 23 and that M = max{®(x)| x € 2%} < c0. Fora,b > 0,
we define &, (x) =a exp(—g)QD(sx). Then, we see that

Ad, 421D, =0  inint(ZH),
b
®, = aexp (——) on 9 (ZS‘S> .
&

Since fR“&A“ u§+l dx < &3W+D/(=D and Au, — Veup + a@ul >20inRY, we
see from [GT, Theorem 9.26] that

g ||L°°(Z§5\Ag5) < C83/(P—l) ’

where C is a positive constant, independent of small ¢ > 0. Thus, for some constants
Cq, Cp, C3 > 0, it follows that

Aug + Ci’uy 20 inint(ZH¥\A¥),

C
ue = Ciexp (—?2) on 3(Z5\ A%,

Therefore, by the comparison principles [PW], we deduce that for some constant
C,c>0,

luell oo (235 a5y = C exp(—cd/e).

Proof of Theorem 2.1. From Lemmas 2.7 and 2.8, we see that
/ uPt dx < ST/,
RN\A;“S

That is, u, is a local minimizer of the constrained problem related to (4). Thus, de-
fining U, = a(e)V/ =Dy, we have U, satisfying (4). Moreover, defining v, (x) =
U, (ex), we see that v satisfies (3). Itis easy to see thata(e) = Iﬁ, and thatI"(v,) =
e~ N(15)P+D/(P=D Thus, Theorem 2.1(i) follows.

The first part of Theorem 2.1(ii) comes from the fact that

lim || U, |, = lim/ (Ue)P T dx = lim (15)P+HD/P=D — ¢
e—0 e—>0 JRN e—0

and [By2, Proposition 3.5] or [GT, Theorem 9.26].

To show the second part of Theorem 2.1(ii), i.e., lim inf,_, ¢ g=2/(p= lvellpoe >
0, let us define w, = ¢~ 2/P~Dy,. Then, it suffices to show lim info o ||we|lpe >
0. It is easy to see

1
Awe — = Vwe + (we)? =0 in RV,
I
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Multiplying the above equation through by w, and integrating by parts, we obtain
1 _
/ IVwel* + = V(we)> dx < [[(we)? ™| oo / (we) dx.
RN & RN

We take ¢ € C(° (RV) such that ¢ (x) = 1 for x € Z%. Then, we see that for some
constant C, ¢ > 0, independent of small ¢ > 0,

/ (u)s)2 dx
RN

<2 /RN ¢*(we)? + (1 — ¢)*(we)? dx

< 2 i 2
<C [ IV@woPdx+C | —Vw) dx
RN RN &

1
gzc/ IVw5|2+|V¢|2(w£)2dx+C/ — V(we)? dx
RN RN €

2 1 2 1 2
<2C [Vwe|” +2Cc —V(we) dx +C — V(we)dx. (6)
RN RN &€ RN €
This together with the previous inequality implies that for some constant C > 0,

independent of ¢ > 0,
l(we)?~ iz~ = ¢C.

This proves Theorem 2.1(ii).
Theorem 2.1(iii) comes from Lemmas 2.4-2.8 and the comparison princi-
ples. O

3. Asymptotic profiles for localized solutions

As we have seen in Section 2, the localized solution v, has a small peak: its
maximum value goes to 0 as ¢ — 0. This is quite in contrast with the case where
the potential V' is bounded away from 0. In this section, we will investigate the
asymptotic profile of localized solutions yielding more fine properties of these so-
lutions. As we will prove, the asymptotic behaviour of localized solutions given in
Theorem 2.1 depends in a very delicate way on some local properties of V around
A. We distinguish three cases here: (i) The flat case, where the interior of A, int(A),
is non-empty. (ii) The finite case, where A is a single point and V behaves like a
finite-order polynomial near A. (iii) The infinite case, where A is a single point and
V is exponentially flat near A. Though these three cases do not cover all possible
local behaviours of V around A, they are the most typical models. Finer analysis
is needed for more complicated cases.

To find asymptotic profiles for each case, it is essential to take appropriate nor-
malizations so that the normalized problem has a non-trivial limiting problem. The
normalization is closely related to a decay property of V around A.

Notation: we say that a family of functions {u.}, subconverges in a space X
as ¢ — 0 if for each sequence {g,}°° ; with lim,_, » &, = 0, there exists a subse-

n=1
quence {&,,}72, of {g,}7° | such that Ug,, COnverges in X asi — oo.
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3.1. The flat case

In this subsection, we consider a case in which the set of interior points of
A, int(A), is not empty, and A = int(A). Let int(A) = U;cjA;, where {A;}ics
are connected components of int(A). For each i € J, we consider the following
problem

u>0 in A, (7-i)
u=~0 on 0A;,

Each problem (7-7) has a least-energy solution U;. Now, let v, be a localized solu-
tion given in Theorem 2.1. We scale it as ve (x) = £%/P~Dw,(x). Then, it follows
that

1 .
Awg — = V(X)we +w? =0inR"™.
&

Then, it is easy to see that

1
-/ |Vw,|? +—(w8) dx——/ (we)P T dx

2 Jrw

<inf{= [ |VU|*dx — —— | WU)P* ' dx}. 8
321{2/&' Pax = [ wortian ®)

Thus, from Theorem 2.1(iii), we deduce that set {[py [Vw,|* + (we)? dx}e is
bounded. We can assume that for some w € H'?(R"), w, subconverges weakly
in HY2(RV) and pointwise to w as ¢ — 0. Then, from Theorem 2.1(iii), we see
that w(x) = 0 for x ¢ A, and that w, subconverges to w in Lptl RNy ase — 0.
Thus, for any test function ¢ € C°(int(A)),

1
0 = lim ng~Vg0+—2ng¢—(ws)p(pdx=/ Vw - Vo —wledx.
& RN

e—0 JRN
Thus, we see that

Aw+wf =0 in int(A),
w>0 in A, 9)
w=20 on JA.

Since U;¢ y A; is bounded, it is rather easy to see that for some C, ¢ > 0, independent
ofi € J,

1 1
—/ VU dx —/ WP dx = ClA,
2 Aj P +1 A;

where | A;| means the N-dimensional volume of A;. Then, since ) _;_; |A;| < oo,
it follows that there exist only finite members j € J such that
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1 2 ! +1
- IVU;|"dx — —— (Uj)p dx
2 Ja; p+1Ja;

1 1
1nf{—/ IVU; > dx — —/ (U,~)P+1dx}
ie |2 A; p+1 A;

=F,

From Theorem 2.1(ii) and (8), we deduce that for some least-energy solution U
of (7-j) satisfying 5 [, IVU;Pdx — 555 [, (UpPT dx = F

w=U; onA; and w=0 onint(A)\A;.

Moreover, from elliptic estimates, we see that for each compact set D C int(A), the
convergence of w, is uniform on D. Thus, for each § > 0, w, subconverges uni-
formly to w on RV \ (9A)% as ¢ — 0, where (dA4)? = {x € RV |dist(x, dA)} < 6.
Therefore we obtain the following result.

Theorem 3.1. The following equality holds:

e—0

1
lim e~ 2P+HD/P=Dr, (1) = Ef IVU;|*dx — —f (U dx.

Moreover, £2/1=P)y, subconverges pointwise to some least-energy solution U; of
(7-j)on Aj and to 0 on RN\Aj. For each § > 0, the convergence is uniform on
{x € RN |dist(x, dA) = §}.

3.2. The finite case
If a non-negative potential V is analytic at 0 and V (0) = 0, then
V(x) = Pow(x) +o(|x ") as x| — 0,

where Py, is a homogeneous polynomial of order 2m. In this case, as we will
see later, a decay rate of ||vg| L depends on 2m and P,,. In this section, we will
investigate asymptotic behaviour of v, for certain potential functions which are
asymptotically homogeneous at zero.

Definition 3.2.1. For m € (0, 00), a continuous function P : RM\{0} — (0, c0) is
called an m-homogeneous positive function if P(x) > 0 for x # 0 and P(tx) =
t"P(x) fort € [0, 00), x € RV,

This is a generalization of a homogeneous polynomial P,,, of order 2m satisfy-

12
ing Py (x) > 0 for x # 0. We define a norm [Ju| p = (f]RN IVu|? + Pu? dx) :

and a space H the completion of C§° (RN) with respect to the norm | - || p. Then,
by (6) and Sobolev inequalities, we see that the space H is continuously imbedded
into the space Lptl (R™). Moreover, we have the following result.
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Proposition 3.2.2. There exists a minimizer U p of the following minimization prob-
lem:

u)zinfL/ |Vuﬁ4—Pu2de/ Lw+1¢x=1,ue11}.
RN RN

Proof. Let{u,}, be aminimizing sequence of / p. We can assume that compactness,
dichotomy or vanishing occurs for {(u,)? ™'}, (see [Liol, Lio2] and [Str]). From
Proposition 3.2.2 and [Lio2, Lemma I.1], we see that vanishing does not occur
for {(un)/’+l}. It is a standard procedure to show that dichotomy does not oc-
cur. Thus, there exist {x,}, C R¥ such that for any ¢ > 0, there exists R > 0
satisfying fB(XmR)(u,,)f”+l dx = 1 — &. Note that lim|y|— P(x) = oco. Thus, if

limy,—s o0 |Xn| = 00, limy—s o0 fB(x,l R)(u,,)z dx = 0. For some s € (0, 1),

s 1—s
f ()" dx < ( f (un>2dx) ( f ()N N2 dx) :
B(xan) B(xan) B(xan)

Then, from the Sobolev imbedding lemma and Proposition 3.2.2, it follows that
limy,—s o0 fB(xn’R) (u,)P dx = 0. This is a contradiction since fB(me,)(u,,)‘”+l dx
= 1 — &. Thus, we see that limsup,,_, o, |x,| < 0o. We can assume that w, con-
verges weakly to some wg € H as n — oo. Then, it is easy to see that ||w0||%, <
lim,— oo ||we ||%D = Ip. Moreover, from the boundedness of {x,}, we deduce that

1 . o
f]RN wp+ dx = 1. Therefore, wy is a minimizer of /p. |

1
—T

We see that a scaled function w = (Ip) P~T wy satisfies the following equation:

Aw—Pw+wP =0  inRV. (10)
Now we see an asymptotic profile and an energy estimate of v,.

Theorem 3.2.3. Let xo be an isolated zero point of V. Suppose that V (x + xg) =
P(x) + Q(x), where P is an m-homogeneous positive function and limx
|x]7™Qx)| = 0. Let vg be a localized solution of (3) around xq given in Theorem
2.1. Then,

_2m ptl_ 2N pil

lim e~ m#2 p=1 w2 o (vg) = 157 (1/2 — 1/(p + D).

e—0

2 m
Moreover, a rescaled function ¢ p=1m+2 y, (g m+2 i x) subconverges to a least-energy

solution w of (10) uniformly on RN .

Proof. We define

__2_ _m_
ws(x) =g p-lmt2

Ve (6™ 2x + x0).
Then, we see that

2

2/ ~|Vwe|* + = (P(x>+e i Qe x >)(w8>2——1 (we)? T dx,
RN p+1
(11)



310 JAEYOUNG BYEON & ZHI-QIANG WANG

and that
Aw, (x) — (P(x) + £~ Qe x))w, + w? = 0. (12)

For a least-energy solution w of (10), it is easy to see that for some C,c > 0,
w(x) £ Cexp(—c|x]), x € RV. Then, we see that

. 1 2 1 —m 2 2 1 ptl
lim sup —|Vwe|” 4+ =(P(x) + & m+2 Q(emt2x))(we)” — —— (wy) dx
RN 2 2 p+1

e—0

1,1 , 1 | el
§/ —|Vw]* + =P(x)w?* — ——wP™ dx=1})" (- ———).
RN 2 2 1

From Theorem 2.1(iii), for each 8’ > 0, there exist C, ¢ > 0 such that for |en+2 x| =
8,

2 2 m
we(x) < Ce™ p=1m+2 exp(—ce™ m2|x|). (14)

2
Since lim|x|—0 |x|7"]Q(x)| = 0, there exists §o > 0 such that for [m+2x| < o,

lex| "2 Qe )] < 4 3 min{P (x)| [x| = 1}.

2
Then, for |em+2 x| < &,

P(x)+ e 2 Q(enx) = LP(x). (15)

Thus, we deduce from elliptic estimates [GT], (13) and (14) that ||wg||zo iS uni-
formly bounded for small ¢ > 0. Since lim|y|- oo P(x) = 00, it follows from

(13) and (15) that limg_, fR<\x|<aog 2 2 (we)rdx =0 uniformly with respect

to small & > 0. Thus, from elliptic estimates [GT] and (14), we see that

lim we(x) =0 uniformly with respect to small ¢ > 0.
|x]—00

Then, by the comparison principle and (14), we see that for some C, ¢ > 0,
we (x) £ Cexp(—clx|) uniformly with respect to small ¢ > 0. (16)

From (12) and (14), we deduce that for some C, ¢ > 0,

[ 19w+ (Poo+ e 0 0) (o dn
RN

1
—f —(we)P T dx
RV p+1

- / 2 (we)"* dx + / 2 (we)P T dx
lem+2 x| <80 le m+2 x| 280

g/ ) (we)? ! dx + Cexp(—ce~PHD), (17)
|

em+2 x| <8
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In a manner similar to (6), we can deduce from (15) that for some C > 0,

2 2 _2m_ _2_ 2
[ 2 (we) dxgc/ [Vwe|” + (P(x) + & m2 Q(em+2x))(we)” dx.
| RN

5m+7x|§50

(18)

Thus, we see from (17) and (18) that for some C, ¢ > 0,
2 — 2m 2z 2
. [Vwe|” 4+ (P(x) + & m2 Q(em+2x))(we)” dx
R

_ 2m_ _2_
< C||w5||{oo1 f |ng|2 + (P(x) + & m+2 Q(8m+2x))(w£)2 dx
RN
+C exp(—cef(pH)). (19)

We claim that lim inf, ¢ ||wg|/ e > O.
In fact, if iminf, ¢ ||w. || Lo = 0, we deduce from (11) and (19) that for some
constants C, ¢ > 0,

2m_ p+l 2N

g mt2 =1 w2 [ (v,) < Cexp(—ce~PTD).

Then, from the elliptic estimates [GT], we see that ||vg|| >~ decays exponentially
as ¢ — 0. This contradicts Theorem 2.1(ii).

Now, from the elliptic estimates [GT] and (16), we see that w, subconverges
uniformly to a least-energy solution w of (10). Then, the energy estimate of v,
comes from (13). This completes the proof. O

3.3. The infinite case

In this subsection, we will investigate the asymptotic behaviour of a localized
solution around xo when V (x) is typically of the form exp(—1/|x — x¢|™). In fact,
we shall consider a more general situation where the level sets of V can be non-
convex sets, but strictly star-shaped. More precisely, let 2 be a bounded domain in
RN . We assume that there exists a continuous map r : RM{0} — (0, oo) satisfying

x/t e RN\Q, e (0,rk),
x/t € 0%2, t=r(x),
x/t €, t e (r(x), 00).

It is easy to see that such an €2 should be a strictly star-shaped domain. Then, for
any x € RN\{O}, we can find a unique pair (r(x), s(x)) € (0, 00) x 92 with
x =r(x)s(x).

Definition 3.3.1. A continuous function b : RY — [0, 00) is called an Q quasi-
homogeneous function if

(1) b(r(x)s(x)) depends only on r(x);
(i1) b(r) is strictly increasing with respect to » € [0, 00); and
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(iii)

b(cr) <1 forc<l1,
im
r—0 b(r) >1 forc>1.

Moreover, a continuous function a : RM\{0} — (0, 00) is called an asymptotically
(2, b) quasi-homogeneous function if there is an 2 quasi-homogeneous function
b satisfying limy| ¢ % = 1.

Let V (xo) = 0. We can assume that xo = 0. We assume that for |x| < 1,

1

where a is an asymptotically (€2, b) quasi-homogeneous function. We define a
function .
-1 —1 ’
b ()

wex) = (£g(£) TN v, ( f))

gle) =

and

Then, it follows that

Awg(x) — (£8(e)) 2V ( a

? )) we (x) + w? (x) = 0;

thus, for |x| < g(e),

X

Awe(x) — (6g(£)) " exp . we (x) + wf(x) = 0. (20)
“(5ta)

If b is an Q quasi-homogeneous function, it is not difficult to show from (ii), (iii)
in Definition 3.3.1 above that for some « > 0, lim,_.q b(r)/r® = 0. Then, we can
also show that

lim g(&) = 0o and lim g(e)/| loge|'/® = (1)
e—0

From (21), we deduce that for any C > 0,

o . 1
A e P ((;) = I GCe@?

Note that

(eg(e)) exp | —
a

- G ;izi)a(ﬁ)
1

= G () e (5)
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Thus, we see from Definition 3.3.1(iii) that for each compact set B C €2,

1
lim max(&g(e))_2 exp| — | =0. (22)
e—0 xeB a (%>

g(e

Moreover, from Definition 3.3.1(iii), there exists a sufficiently small D € (0, 1)
such that for any d > 1,

lirr%)min (sg(a))_2 exp | — ‘ r(x) 2d,|x| £ Dg(e) y =o0. (23)

1

X
“(5ia)
We consider the following limiting problem:

Aw+w?P =0 in €,
w >0 in , (24)
w=0 on 0%2.

From (22), we deduce that

limsup{l/ |Vw€| + (eg(e))™ 2V( )(wg) dx
2 Jry g(e)

e—0
[7+1d
p+1/ (we) x}

1
< -/ IVw|?dx — —— wPtldx = 1(Q),
2 Jrw p+1 Jry
where w is a least-energy solution of (24). Then, from the elliptic estimates [GT],
wesee thatifd > 1, [[we || oo (xRN | r(x)<q}) 1S bounded uniformly for small e > 0.
Moreover, from the elliptic estimates [GT] and (23), we deduce that

Iim flwell Lo ((rerM| r(x)>d. 11<Dge) = 0-
From Theorem 2.1(iii), we see that for any C > 0,
lim sup{w, (x)| |x| = Cg(e)} = 0.
e—0

Thus, ||wg| 2 is uniformly bounded for small ¢ > 0. Moreover, as in the finite
case, we see that ||w,| [z~ is uniformly bounded away from O for small ¢ > 0.
Therefore, by arguments similar to those used in preceding cases, we obtain the
following result.

Theorem 3.3.2. Let xg be an isolated zero point of V. Suppose that V (x + xo) =
exp(—ﬁ) for |x| < 1, where a is an asymptotically (2, b) quasi-homogeneous

function. Define
1

g(@)=—b_1 (@>
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Let v, be a localized solution of (3) around x¢ given in Theorem 2.1. Then,

. 728 R
lgr%)(eg(s)) @D g(e)” " Te(ve) = 1(£2).

2
Moreover, for d > 0, a rescaled function (eg(g)” P! vg(ﬁ) subconverges to W

uniformly on {x € RV |dist(x,dQ) = d} as ¢ — 0, where w is a least-energy
solution of (24) and
w(x) forx e Q,

w(x)z{o forx ¢ Q.
Remark 3.3.3. We consider the problem
Aw+w?P =0 in Qy,
w>0 in Q, (25)
w=~0 on 0%,

where Q) = B((—1+A,0,...,0), ) UB((1 —1,0,...,0),1). We can find a
least-energy solution w; of (25) in the class of even functions. Then, it is easy to
see that for sufficiently small A > 0, w; has exactly two maximum points. Note
that for small A > 0, €, is a strictly star-shaped domain. Then, we can easily
find an 2, quasi-homogeneous function b which is even, that is, b(xy, ... ,xy) =
b(xtl, ..., |xn]). Now, we let V(x) = exp(—%x)) and v, be a least-energy solu-
tion of (3) in the class of even functions. Then, as in Theorem 3.3.2, we can show

2
that for each d > 0, a rescaled function (eg(g))” 7~Tv, (gf—g)) converges to w;,_ uni-

formly on {x € ;|dist(x, Q) = d} as ¢ — 0. Thus, we see that v, has at least
two local maximum points i} # hZ2 such that |} —h2| < ﬁ — Oase — 0.This
phenomenon is in high contrast with the case inf g~ V (x) > 0; in that case, any
single-bump solution and any locally least-energy solution concentrating around

local minimum points of V has at most one local maximum point (e.g., [W]).

3.4. Asymptotic profiles for least-energy solutions

In this section, we discuss more fine asymptotic profiles for the least-energy
solutions given in Theorem 2.2. As we have seen in the preceding subsections,
the faster the potential V decays at a zero, the smaller the energy of a localized
solution around the zero is. Thus, we can say that as ¢ — 0 the least-energy solu-
tions concentrate around the fastest decaying zeros of V. For instance, when int(Z)
is not empty, the least-energy solution v, concentrates around a certain connect-
ed component A; of int(Z), and its normalization e 2/P=Dy,(x) converges to a
least-energy solution U of problem (7-j) on A; as in Subsection 3.3.1. Here, the
energy of U; should be a minimum among the energies of least-energy solutions U;
of problem (7-i) on A; when A;’s are connected components of int(Z). Moreover,
if int(Z) is empty and each zero of V is of either the finite case or the infinite case,
as ¢ — 0, the least-energy solutions v, concentrate around the fastest decaying
zeros of V and its normalizations, depending on the decay order of the zero, con-
verge to a least-energy solution of problems (10) or (24) as in Subsections 3.3.2 and
3.3.3. Furthermore, if there are at least two points at which V has the fastest decay
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rate, the least-energy solutions concentrate around a point among the points of the
fastest decay rate where the smallest energy is attained among the least-energy
solutions of normalized limiting problems as in Subsections 3.2 or 3.3. As in the
case of localized solutions, it seems that we need more fine analysis to find a finer
asymptotic profile of the least-energy solutions for arbitrary types of zeros of V.

4. Some remarks

We have established an asymptotic profile for localized minimal solutions con-
structed in Theorem 2.1. (We note that in Section 3, the subconvergence for the
asymptotic profile can be replaced by the convergence if the normalized limiting
problem has a unique positive solution.) The surprising new phenomenon here is
that, depending upon the local behaviour of V near a zero set A of V, we obtain
a variety of limiting problems which exhibit quite different features. This is in
striking contrast with the situation of inf V > 0 under which, as we surveyed in
the introduction, there is only one limiting problem. However, the three cases we
consider in Section 3 do not cover all possible types of local behaviours of V around
a zero set. Thus, it will be very interesting to investigate the asymptotic behaviour
of the localized solutions in more complicate situations.

In the flat and the infinite cases, the limiting problems may have many positive
solutions depending on the geometry of bounded domain €2 (see [By2-3] and [D]).
Thus, we expect that there can be a rich variety of localized solutions concentrating
around the zero set of V depending on the geometry of the set.
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