This paper is to be published in Communications in Contemporary Mathematics.

Symmetry Breaking of Extremal Functions for the Caffarelli-Kohn-Nirenberg Inequalities

Jaeyoung Byeon Department of Mathematics, POSTECH, Pohang, Kyungbuk 790-784, Republic of Korea and Zhi-Qiang Wang Department of Mathematics and Statistics, Utah State University, Logan, UT 84322

June 27, 2002

Abstract For the L^p (p > 1) version of the Caffarelli-Kohn-Nirenberg inequalities ([4]) we prove a symmetry breaking result for the extremal functions.

1 Introduction

This paper is concerned with the symmetry property of the extremal functions for the following weighted Sobolev inequalities due to Caffarelli, Kohn and Nirenberg in [4] ( see also generalization by Lin in [15]). Let p > 1 and N the dimension of the space R^N . For all u ∈ C^∞_0 (R^N ) it holds that (∫ R^{N |x|−bq|u|q dx} )p/q ≤ C_{a,b} ∫ R^{N |x|−pa|∇u|p dx (1)} where, for N > p, −∞ < a < N − p p , 0 ≤ b − a ≤ 1, and q = pN N − p + p(b − a) , (2)

and for N ≤ p, −∞ < a < N − p p , p − N p < b − a ≤ 1, and q = pN N − p + p(b − a) . (3)

Let D^{1,p}_a (R^N ) be the completion of C^∞_0 (R^N ) with respect to the following norm ||u||_a = (∫ R^{N |x|−pa|∇u|pdx} ) 1_p . (4)

Then we see that (1) holds for u ∈ D^{1,p}_a (R^N ); this implies that under the conditions (2) and (3), D^{1,p}_a (R^N ) is embedded continuously into weighted L^q(R^N ) with weight |x|^{−bq}. We define

S(a, b) = inf u∈D^{1,p}_a (R^N )\{0} E_{a,b}(u), (5) to be the best embedding constants, where

E_{a,b}(u) = ∫ R^{N |x|−pa|∇u|p dx} (∫ R^{N |x|−bq|u|q dx} )p/q . (6)

The main result of the paper is

Theorem 1.1 Let N > p > 1 be fixed. Then there is a function h(a) defined for a ≤ 0 satisfying h(0) = 0, h(a) ∈ (a, a + 1) for a < 0 and h(a) − (a + 1) → 0 as a → −∞, such that for any (a, b) with a ≤ b < h(a) the extremal function for S(a, b), if it exists, is nonradial.

Theorem 1.2 Let p > 1, N ≤ p, and b − a ∈ (^{p−N}_p , 1) be fixed. Then for sufficiently large −a, the extremal function for S(a, b) is nonradial.

Remark 1.3 The existence of the extremal functions is referred to [7] [11] [13] [16, 17] [20] (see also Remark 3.1).

Much progress has been made for the case p = 2. In [1], [18], the best constants and the minimizers for the Sobolev inequality (a = b = 0) were given by Aubin, and Talenti. They proved in this case the minimizers are radial, and found explicitly the minimizers. In [14], Lieb considered the case a = 0, 0 < b < 1 and gave the best constants and explicit radial minimizers. In [9], Chou and Chu considered the a-nonnegative region and gave the best constants and explicit minimizers. Also P. L. Lions [16, 17], and Wang and Willem [19] have established the compactness of all minimizing sequences up to dilations provided b ≥ a ≥ 0. The symmetry of the minimizers has been studied in [9] for a ≥ 0. In fact, all nonnegative solutions in D^{1,2}_a (R^N ) for the corresponding Euler equation are radially symmetric (in the case a = b = 0, they are radially symmetric with respect to some point) ([9]) and explicitly given ([1][9][14][18]). The radial symmetry was established in [9], using a generalization of the moving plane method.

Still for p = 2, the symmetry breaking phenomena was discovered recently in [7] with a < 0, in which a conformal transformation is used to convert the inequality in R^N to one defined on a cylinder. Then a bifurcation analysis is used to get the symmetry breaking of extremal functions. For p ≠ 2, the approach in [7] fails. In this paper we shall use a different idea which makes use of the radial extremal functions in the radial class to construct suitable test functions. Then an energy comparison gives the desired result. This approach is in contrast with that used in [3] in which instead of the extremal functions in the radial class they used a certain asymptotic property of the extremal functions in the whole functional space. The method used in this paper is rather robust and should be useful in other symmetry breaking problems (see e.g., [2] and references therein) in which the radial extremal functions develop energy concentrations bounded away from 0.

More precisely, in our setting, first we shall use suitable dilations to make the radial minimizers to develop a sharp layer near |x| = 1; so the energy of the dilated minimizers concentrate near |x| = 1. Then we take a portion of the radial minimizer as a test function, and the energy can be estimated proportional to the radial energy accordingly, which implies that the best constant S(a, b) is less than the best imbedding constant for the class of radial functions (see S_R(a, b) below), and leads to symmetry breaking.

Theorems 1.1 and 1.2 will be proved in Sections 2 and 3 respectively.

2 Proofs of the main results

The energy functional E_{a,b}(u) is invariant under the following dilations

u^τ (x) = τ^N �p�pa_p u(τx), τ > 0. In fact, both the numerator and the denominator in E_{a,b}(u) are invariant under this dilation. Let us define the best constant in the radial class to be

S_R(a, b) = inf u∈D^{1,p}_{a,R}(R^N )\{0} E_{a,b}(u), where D^{1,p}_{a,R}(R^N ) = {u ∈ D^{1,p}_a (R^N ) | u is radial }. It is well known that for a <^{N−p}_p and b − a < 1, S_R(a, b) is always achieved and the extremal functions are given by

U_{a,b}(r) = c_0 N − p − pa 1 + r^{p(N} �p�pa)(1+a�b) (p�1)(N�p(1+a�b)) N�p(1+a�b) p(1+a�b)

where c_0 = ( N (p − 1)^{p−1}(N − p(1 + a − b))

)^N�^{p(1+a}�^{b)} p2(1+a�b) . We first prove the following result which gives partially Theorem 1.1 and Theorem 1.2.

Theorem 2.1 Let p > 1 and N ≥ 2 be fixed. While keeping b − a as a constant satisfying max{0, (p − N)/p} < b − a < 1, for −a sufficiently large, we have S(a, b) < S_R(a, b).

In order to prove Theorem 2.1, from now on, we fix N ≥ 2, p > 1 and b − a ∈ (max{0, (p − N)/p}, 1). We shall consider the asymptotic behaviour of S(a, b) as −a → ∞, comparing with S_R(a, b). Let us call λ = λ(a) := N − p − pa. Then we see that λ → ∞ as −a → ∞. Define d = N − p(1 + a − b) p(1 + a − b) . It follows from (2) and (3) that d > 0. Then we have an expression U_{a,b}(r) = c_0 ( λ 1 + r^{λ(p}�^{1)d} )d . In order to make U_{a,b} concentrate near |x| = 1 we choose a special dilation. For each λ > 0, we define τ_λ = λ^{− pdλ} and v_λ(x) = U^{τλ}_{a,b}(x) = c_0 1 1 + |τ_λx|^{λ(p}�^{1)d} d . It is easy to see that as λ → ∞, τ_λ → 1, and that for |x| < 1, v_λ(x) → c_0 and for |x| > 1, v_λ(x) → 0.

Lemma 2.2 For each r ∈ (0, 1), it follows that lim_{λ→∞} ∫ B_1�_r(0) |x|^{−ap}|∇v_λ|^pdx = lim_{λ→∞} ∫ R^N \B1+r(0)^{|x|−ap|∇vλ|pdx = 0} and lim_{λ→∞} ∫ B_1�_r (0) |x|^{−bq}|v_λ|^qdx = lim_{λ→∞} ∫ R^N \B1+r(0)^{|x|−bq|vλ|qdx = 0.} For simplicity of notations, we write B(m, n) = ∫ ∞ 0 y^m�^1 (1+y)^{m+n} dy for m > 0

and n > 0. From an elementary formula for Gamma function Γ we have B(m, n) = ∫ ∞ 0 y^{m−1} (1 + y)^{m+n} dy = Γ(m)Γ(n) Γ(m + n) > 0. In order to compare S(a, b) with S_R(a, b) we need to calculate S_R(a, b) first.

Lemma 2.3 Let d_1 =^{N−(1+a−b)}_{1+a−b} . Then ∫ R^{N |x|−ap|∇vλ(x)|pdx =} c^p_0dλ^{d1} (p − 1)^{p−1} · B((p − 1)d + p, d), and ∫ R^{N |x|−bq|vλ(x)|qdx = cq0(p − 1)dλd1 · B} ( (p − 1)N p(1 + a − b) , N p(1 + a − b) ) . Finally, we need a couple of technical lemmas. In the following, we use C to denote some constants which do not depend upon λ.

Lemma 2.4 For λ > p(p − 1), it holds that ∫ R^{N |x|−ap|vλ|pdx = Cλd1−p(1−pd/λ)·B((p−1)d+p(p−1)d/λ, d−p(p−1)d/λ).} Lemma 2.5 Let p > 1. Then there is C_p > 0 such that for any A ≥ 0 and B ≥ 0 (A + B)^p ≤ A^p + B^p + C_p(A^{p−1}B + AB^{p−1}).

Lemma 2.5 is a calculus lemma and we omit its proof. The proofs of Lemma 2.2, 2.3 and 2.4 are similar and we give the proof of Lemma 2.4 in next section.

Proof of Theorem 2.1 Choose δ ∈ (0,^1_2 ) which will be determined later. Let x_0 = (1, 0, ...0) and let η be a cut-off function such that η(t) = 1 for t ≤ 1 and η(t) = 0 for t ≥ 2 and |η^′(t)| ≤ 2. Define

w_λ(x) = η( |x − x_0| δ )v_λ(x). We claim that there is a constant C independent of δ satisfying

lim sup λ→∞ E_{a,b}(w_λ) E_{a,b}(v_λ) ≤ Cδ^{(N} �1)(q�p)_q . Then, since S_R(a, b) = E_{a,b}(v_λ), for λ large, S(a, b) ≤ E_{a,b}(w_λ) < E_{a,b}(v_λ) = S_R(a, b) if we choose δ small; thus our desired conclusion follows. To prove the claim, we first observe that by Lemma 2.5 ∫ R^{N |x|−ap|∇w}λ^{(x)|pdx} = ∫ B_{2δ}(x_0) |x| −ap|η∇v_λ(x) + η^′v_λ(x)|^pdx ≤ ∫ B_{2δ}(x_0) |x| −ap|∇v_λ(x)|^pdx + ∫ B_{2δ} (x_0) |x| −ap|η^′|^pv^p_λdx + C_p ∫ B_{2δ}(x_0) |x| −ap(η^{p−1}|∇v_λ|^{p−1}|η^′|v_λ + η|∇v_λ||η^′|^{p−1}v^{p−1}_λ )dx ≡ I_1 + I_2 + I_3. Let A_δ = {x | 1 − δ < |x| < 1 + δ} and D_δ = {(r, θ) | 1 − δ < r < 1 + δ, |θ| < δ }. Then it is easy to see that there are positive constants C_1 and C_2, independent of δ ∈ (0,^1_2 ), such that

C_1δ ≤ Vol(A_δ) ≤ C_2δ and C_1δ^N ≤ Vol(D_δ) ≤ C_2δ^N .

Here Vol(·) is the Lebesgue measure. From Lemma 2.2 and Lemma 2.3, it follows that I_1 ≤ Vol^{(D2δ)}

Vol(A_{2δ} ) ∫ A_{2δ} |x| −ap|∇v_λ(x)|^pdx ≤ Cδ^{N−1} ∫ R^{N |x|−ap|∇v}λ^{(x)|pdx. (7)}

By Lemma 2.4, I_2 ≤ C( 2 δ )^pλ^{d1−p(1− pdλ )} since |η^′| ≤^2_δ and, as λ → ∞, B((p − 1)d + p(p − 1)dλ^{−1}, d − p(p − 1)dλ^{−1}) → B((p − 1)d, d) > 0 and |η^′| ≤^2_δ . As for I_3, we observe that for any ϵ > 0 there is a positive constant C_ϵ such that η^{p−1}|∇v_λ|^{p−1}|η^′|v_λ ≤ ϵη^p|∇v_λ|^p + C_ϵ|η^′|^pv^p_λ and η|∇v_λ||η^′|^{p−1}v^{p−1}_λ ≤ ϵη^p|∇v_λ|^p + C_ϵ|η^′|^pv^p_λ. Thus, from Lemma 2.4, it follows that

I_3 ≤ C_pϵ ∫ R^{N |x|−ap|∇v}λ^{(x)|pdx + C}p^Cϵ^{( 2}δ^{)p ∫}R^{N |x|−ap|v}λ^{(x)|pdx} = C_pϵ ∫ R^{N |x|−ap|∇v}λ^{(x)|pdx + CC}p^Cϵ^{( 2}δ^{)pλd1−p(1− pdλ ). (8)} Thus we see that ∫ R^{N |x|−ap|∇w}λ^{|pdx ≤ (CδN−1 + C}p^{ϵ + o(1)) ∫}R^{N |x|−ap|∇v}λ^{|pdx} + C_pC_ϵ(^2_δ )^pλ^{d1−p(1− pd}λ^). (9) Here and after, o(1) means that o(1) → 0 as λ → ∞. On the other hand, ∫ R^{N |x|−bq|w}λ^{|qdx = ∫}B2δ (x0)^{|x|−bqηqvq}λ^{dx} ≥ ∫ 1+^δ_2

1−^δ_2 ∫ |θ|<^δ_2 |x| −bqv^q_λdrdθ ≥ Vol(D_{δ2} ) Vol(A_{δ2} ) ∫ A_{δ2} |x| −bqv^q_λdx ≥ Cδ^{N−1} (∫ R^{N |x|−bqvq}λ^{dx + o(1))} (10)

Now, combining estimations (9) and (10), we see that for any ϵ > 0, lim sup λ→∞ E_{a,b}(w_λ) E_{a,b}(w_λ) ≤ Cδ^{(N−1)(1− pq )} + CC_pϵδ^{−(N−1)p/q}. Since ϵ > 0 is arbitrary, for sufficiently small δ > 0, lim sup λ→∞ E_{a,b}(w_λ) E_{a,b}(v_λ) ≤ Cδ^{(N−1)(1− pq )}. This completes the proof. 2

Theorem 2.6 Let N > p > 1 be fixed. Let a < 0 be fixed. Then, if b − a is nonnegative and sufficiently small, S(a, b) < S_R(a, b).

Proof First we observe that both S(a, b) and S_R(a, b) are continuous in (a, b) (this can be proved by similar argument to that used in [7] for the case p = 2). Next, fix z ∈ R^N \ {0}.. We take any u ∈ C^∞_0 (R^N ), and compute E_{a,a}(u^τ (x − z)). As τ → 0, the support of u^τ (· − z) gets to shrink to the point z. Thus

lim_{τ→0} E_{a,a}(u^τ (x − z)) = E_{0,0}(|z|^{−a}u(x − z)) = E_{0,0}(u).

This shows that S(a, a) ≤ S(0, 0) for all a < 0. On the other hand, from Lemma 2.3, we deduce that S_R(a, a) is strictly decreasing for a ≤ 0. Therefore, from the continuity of S and S_R in (a, b) and the fact S_R(0, 0) = S(0, 0) ([1, 18]), it follows that S(a, b) < S_R(a, b) if b − a is nonnegative and sufficiently small for any fixed a < 0. 2

Theorem 2.7 For p > N = 1, a < (1 − p)/p and (p − 1)/p < b − a < 1, it always holds that S(a, b) < S_R(a, b). Moreover, the extremal functions can be taken as ‘one half of U_{a,b}’ in the sense that the extremal functions are equal to U_{a,b} on (0, ∞) (or (−∞, 0)) and equal to 0 on (−∞, 0) (or (0, ∞)); and S(a, b) = 2^{−(q−p)/p}S_R(a, b). Proof. First we can check that D^{1,p}(R^1) = C^∞_0 (R^1 \ {0}) (as used for p = 2 in [7]). For any u ∈ D^{1,p}(R^1), we define u_h by u_h(x) = u(x) for x > 0 and u_h(x) = 0 for x < 0. Then,it follows that u_h ∈ D^{1,p}(R^1). Therefore, S_R(a, b) = E_{a,b}(U_{a,b}) = 2^q �p_p E_{a,b}((U_{a,b})_h); this shows that S(a, b) < S_R(a, b).

To show that the extremal function is (U_{a,b})_h, we denote the extremal function by V_{a,b}. Then following the same argument as above we have V_{a,b} is zero in (−∞, 0) and E_{a,b}(V_{a,b}) = E_{a,b}((U_{a,b})_h). 2

Finally, we can prove our main results stated in the introduction.

Theorem 1.1 follows from Theorem 2.1 and Theorem 2.6. Theorem 1.2 follows from Theorem 2.1 and Theorem 2.7.

3 The proofs of technical lemmas and further remarks

Recall v_λ(r) = c_0(1 + (τ_λr)^{λ(p}�^{1)d} )^{−d}. First one has

v^′_λ(r) = − c_0λ p − 1 τ λ (p�1)d λ (1 + (τ_λr)^{λ(p}�^{1)d} )^{−d−1}r^{λ(p}�^{1)d −1}.

Lemmas 2.2-4 all follow from straight forward computations. We give a proof of Lemma 2.4 here. By a direct computation, for λ > p(p − 1), we have ∫ R^{N |x|−ap|v}λ^{|pdx} = C ∫ ∞ 0 r^{−bp+N−1}(1 + (τ_λr)^{λ(p}�^{1)d} )^{−dp}dr = Cτ^{bp−N}_λ ∫ ∞ 0 t^{−bp+N−1}(1 + t^{λ(p}�^{1)d} )^{−dp}dt = C^{τ bp} �N_λ λ ∫ ∞ 0 s^{(p} �1)d(N�bp) λ �1 (1+s)^{dp} ds = Cλ^{pd(λ+p)}λ^{−1} ∫ ∞ 0 s^{(p} �1)d(N�bp) λ �1 (1+s)^{dp} ds = Cλ^{d1−p(1− pd}λ^)B(^{(p−1)d(λ+p)}_λ , dp −^{(p−1)d(λ+p)}_λ ). Remark 3.1 One open question is whether S(a, a) is achieved for a < 0. We have S(a, a) ≤ S(0, 0) for a < 0. If S(a, a) = S(0, 0) for a < 0 it follows that S(a, a) is not achieved for a < 0. This is the case when p = 2 and it is open for p ≠ 2.

Remark 3.2 For N > p = 2 and a ≥ 0, it is known that all extremal functions of S(a, b) are radially symmetric functions (given by U_{a,b}). It would be interesting to know whether such results still hold for p ≠ 2. More generally, we would also like to know the exact symmetry of the non-radial extremal functions. For p = 2, it was proved in [8] that the non-radial extremal functions have O(N − 1) symmetry.

Remark 3.3 For p = 2, an asymptotic expansion of S(a, b) was given as λ → ∞. Here we have a weak version, i.e., from the proof of Theorem 1.1, for N > p > 1, it holds lim_{λ→∞} S(a, b) S_R(a, b) = 0.

Acknowledgement This work was initiated when the first author visited the Mathematics Department of Utah State University in July, 2001. The first author would like to express his thanks for their invitation and hospitality. The first author was also partially supported by Grant No. 1999-2- 102-003-5 from the Interdisciplinary Research Program of the KOSEF.

References

[1] T. Aubin, Problèmes isopérimétriques de Sobolev, J. Diff. Geom., 11, (1976), 573-598. [2] H. Brezis, Symmetry in nonlinear PDE’s, Differential equations: La Pietra 1996 (Florence), Proc. Sympos. Pure Math., 65, Amer. Math. Soc., Providence, RI, (1999),1–12, [3] H. Brezis, L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical exponents, Comm. Pure Appl. Math., 36(1983), 437-477.

[4] L. Caffarelli, R. Kohn, L. Nirenberg, First order interpolation inequalities with weights, Compositio Mathematica, 53, (1984), 259 - 275.

[5] P. Caldiroli, R. Musina, On the existence of extremal functions for a weighted Sobolev embedding with critical exponent, Cal. Var. and PDEs, 8 (1999), 365–387.

[6] F. Catrina, Z.-Q. Wang, On the Caffarelli-Kohn-Nirenberg Inequalities, C. R. Acad.

Sci. Paris Sér. I Math., 300 (2000), 437–442.

[7] F. Catrina, Z.-Q. Wang, On the Caffarelli-Kohn-Nirenberg Inequalities: sharp constants, existence (and nonexistence) and symmetry of extremal functions, Comm. Pure Appl. Math., LIV, (2001), 229-258.

[8] F. Catrina and Z.-Q. Wang, Asymptotic Uniqueness and Exact Symmetry of kbump Solutions for a Class of Degenerate Elliptic Problems, Disc. Cont. Dynam. Syst., Added Vol. (2001), 80-88.

[9] K. S. Chou, C. W. Chu, On the best constant for a weighted Sobolev-Hardy inequality, J. London Math. Soc., 2, (1993), 137-151.

[10] B. Gidas, W.-M. Ni, L. Nirenberg, Symmetry of positive solutions of nonlinear elliptic equations in R^N , Adv. Math. Studies, 7A, (1981), 369 - 402.

[11] N. Ghoussoub and C. Yuan, Multiple solutions for quasi-linear PDEs involving the critical Sobolev and Hardy exponents, Trans. AMS., 352 (2000), 5703-5743.

[12] G.H. Hardy, J.E. Littlewood, G. Polya, Inequalities, Cambridge: Cambridge Univ Press (1952).

[13] T. Horiuchi, Best constant in weighted Sobolev inequality with weights being powers of distance from the origin, J. Inequal. and Appl. 1 (1997), 275 - 292.

[14] E. H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Annals of Math., 118, (1983), 349-374.

[15] C. S. Lin, Interpolation inequalities with weights, Comm. PDEs, 11, (1986), 1515– 1538.

[16] P.-L. Lions, Concentration compactness principle in the calculus of variations. The limit case. Part 1, Rev. Mat. Ibero.,1.1, (1985), 145 - 201.

[17] P.-L. Lions, Concentration compactness principle in the calculus of variations. The limit case. Part 2, Rev. Mat. Ibero.,1.2, (1985), 45 - 121.

[18] G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl., 110, (1976), 353-372.

[19] Z.-Q. Wang, M. Willem, Singular minimization problems, J. Diff. Equ., 161 (2000), 307 - 320.

[20] M. Willem, A decomposition lemma and critical minimization problems, preprint.