Soliton Solutions for Quasilinear Schrödinger Equations, II

Jia-quan Liu and Ya-qi Wang Department of Mathematics, Peking University Beijing, 100871, P.R. China and Zhi-Qiang Wang Department of Mathematics and Statistics, Utah State University, Logan, UT 84322

April 27, 2002

Running head: Soliton Solutions for Quasilinear Schrödinger Equations

Manuscript correspondence: Professor Zhi-Qiang Wang Department of Mathematics and Statistics, Utah State University, Logan, UT 84322 E-mail: wang@math.usu.edu Phone: 4357973529 (O), 4357971822 (Fax)

Abstract For a class of quasilinear Schrödinger equations we establish the existence of ground states of soliton type solutions by a variational method.

Key words: Standing waves, quasilinear Schrödinger equations, Orlicz spaces, minimax methods

1 Introduction

We study the ground states solutions for the following type quasilinear elliptic equations in the entire space −Δu + V (x)u − (Δ(|u|^2))u = f(u), in R^N ,

i.e., we are seeking positive solutions with least energy. Solutions of this type are related to the existence of standing wave solutions for quasilinear Schrödinger equations of the form i∂_tz = −Δz + V (x)z − f(|z|^2)z − κΔh(|z|^2)h^′(|z|^2)z (1) where V = V (x), x ∈ R^N , is a given potential, κ is a real constant and f, h are real functions of essentially pure power forms. Semilinear case corresponding to κ = 0 has been studied extensively in recent years(e.g., [6] [14] [31]). Quasilinear equations of form (1) appear more naturally in mathematical physics and have been derived as models of several physical phenomena corresponding to various types of h. The case of h(s) = s was used for the superfluid film equation in plasma physics by Kurihara in [18] (cf. [19]). In the case h(s) = (1 + s)^{1/2}, Equation (1) models the self-channeling of a high-power ultra short laser in matter, see [7], [9], [12], [30] and the references in [8]. Equation (1) also appears in plasma physics and fluid mechanics [18], [19], [21], [24], [26], in the theory of Heisenberg ferromagnets and magnons [5], [17], [20], [27], [32], in dissipative quantum mechanics [15] and in condensed matter theory [23]. In the mathematical literature very few results are known about equations of the form (1).

In this paper, we consider standing wave solutions for quasilinear Schrödinger equations of form (1) with h and f being pure power functions of the dependent variable. But we want to mention that our method applies to more general type of nonlinearity and we refer to remarks at the end of the paper. As a model, let us consider the case h(s) = s, f(s) = λs^{p−1}2 and κ > 0. Putting z(t) = exp(−iF t)u(x) we obtain a corresponding equation of elliptic type which has a formal variational structure: −Δu + V (x)u − (Δ(|u|^2))u = λ|u|^{p−1}u, u > 0, in R^N (2) Here we have renamed V (x) − F to be V (x) and without loss of generality we assume κ = 1.

In the following we always assume V ∈ C(R^N , R) and infRN V (x) > 0. In [25] and [22], we have considered a constrained problem associated with equation (2), namely, define m = inf_M E(u) (3)

where M = {u ∈ X | ||u||_{p+1} = 1} E(u) = ∫ R^{N (|∇u|2 + V u2)dx +} ∫ R^{N |u|2|∇u|2dx} and X = {u ∈ H^1(R^N ) | ∫ R^{N V (x)u2dx < ∞ }} is a closed subspace of H^1(R^N ) depending upon the potential V (x). Under suitable conditions it was proved that equation (2) has a positive solution for a sequence of λ_n → ∞ and a sequence of λ_n → 0. This was done mostly for N = 1 in [25] and for higher dimensional cases in [22]. However, the question whether there exists solutions for any prescribed λ was left open in these paper. We shall address this question in this paper and give existence of positive solutions for equation (2) for any prescribed λ > 0.

we consider several type of potentials. (V1) lim_{|x|→∞} V (x) = +∞.

(V2) V is radially symmetric, i.e., V (x) = V (|x|). (V3) V is periodic in each variable of x_1, · · · , x_N . (V4) V_∞ := lim_{|x|→∞} V (x) = ||V ||_L∞_(RN_) < ∞. Let 2^∗ =^{2N}_{N−2} for N ≥ 3, 2^∗ = ∞ for N = 1, 2.

Theorem 1.1 Let 4 ≤ p + 1 < 22^∗. Then for any λ > 0, (2) has a positive solution, provided that one of the following four conditions hold: (V1); (V2) and N ≥ 2; (V3); (V4).

To deal with this type of problems, difficulties lie in two aspects. On one hand, there are three different scales in the equation, which causes problems in using the constrained method. In general, one can not scale the minimizer of the constrained problem into a solution of equation (2). On the other hand, for the unconstrained problem there is no natural functions spaces for the associated energy functional to be well defined and this is due to the super-critical growth condition (p + 1 can be greater than 2^∗) on the nonlinearity. One might treat the unconstrained problem by approximations with subcritical nonlinearities, giving solutions for the subcritical problems. However this will not produce solutions for 2^∗ ≤ p + 1 < 22^∗ which seems to be the natural growth condition for the nonlinearity as shown by the minimization argument in [22].

In Section 2 we introduce a new formulation of the problem by using a change of variables and we shall reformulate the problem. The novelty of our paper is that we treat the new problem in an Orlicz space and this enables us to handle the nonlinearity in a uniform way. Finally, Theorems 1.1 will be proved in Section 3.

2 Reformulation of the problem and preliminaries

For simplicity, we assume infRN V (x) = 1. We may formally formulate our problem in a variational setting as follows: consider J(u) = 1 2 ∫ R^{N (1 + u2)|∇u|2dx +} 1 2 ∫ R^{N V (x)u2dx −} 1 p + 1 ∫ R^{N |u|p+1dx} for u ∈ H^1(R^N ) or the closed subspace of H^1(R^N )

X = {u ∈ H^1(R^N ) | ∫ R^{N V (x)u2dx < ∞ }.} But the difficulty is the differentiability of J, in fact under our growth condition of the nonlinearity J is not even defined in X.

The new idea of this paper is to make a change of variables first: dv = √ 1 + u^2du, v = h(u) = 1 2 u √ 1 + u^2 + 1 2 ln(u + √ 1 + u^2).

Then h is strictly monotone and has an inverse function: u = f(v). We observe that h(u) ∼ { u, |u| << 1 1 2 u|u|, |u| >> 1, h^′(u) = √ 1 + u^2; (4) f(v) ∼ { v, |v| << 1 √ 2 |v| v, |v| >> 1, f ′(v) = 1 h^′(u) = 1 √ 1 + u^2 = 1 √ 1 + f^2(v)

. (5)

Also for some C_0 > 0 it holds

G(v) = f^2(v) ∼ { v^2, |v| << 1 2|v|, |v| >> 1, G(2v) ≤ C_0G(v), (6)

G(v) is convex, G^′(v) = 2f(v) √ 1 + f^2(v) , G^{′′}(v) = 2 (1 + f^2(v))^2

> 0. (7)

Using this change of variable, we can rewrite the functional J(u) as I(v) = 1 2 ∫ R^{N |∇v|2dx +} 1 2 ∫ R^{N V (x)f 2(v)dx −} 1 p + 1 ∫ R^{N |f(v)|p+1dx. (8)} I is defined on the space

H^1_G = {v | ∫ R^{N |∇v|2dx < ∞,} ∫ R^{N V (x)G(v)dx < ∞}.} We introduce the Orlicz space (e.g., [29]) E_G = {v | ∫ R^{N V (x)G(v)dx < ∞}} equipped with the following norm

|v|_G = inf_{ξ>0} ξ(1 + ∫ R^{N V (x)G(ξ−1v(x))dx),} and define the norm of H^1_G by ||v|| = |∇v|_L2_(RN_) + |v|_G. We collect some related facts. In the following, we use C to denote any constant that is independent of the sequences considered.

Proposition 2.1 (1) E_G is a Banach space.

(2) Let v_n → v in E_G, then ∫ R^{N V (x)|G(v}n^{) − G(v)|dx → 0, ∫}R^{N V (x)|f(v}n^{) − f(v)|2dx → 0.} (3) If v_n → v a.e. and ∫ R^{N V (x)G(v}n^{)dx → ∫}R^{N V (x)G(v)dx, then v}n^{→ v in E}G^.

(4) The dual space E^∗_G = L^∞ ∩ L^2_V = {w | w ∈ L^∞, ∫ R^{N V (x)w2dx < ∞}.} (5) If v ∈ E_G, then w = G^′(v) = 2f(v)f^′(v) ∈ E^∗_G, and |w|_E∗_G = sup_{|ϕ|G≤1}⟨w, ϕ⟩ ≤ C_1(1 + ∫ R^{N V (x)G(v)dx), where C}1^{is a constant independent of v.}

Proof. Since G satisfies the Δ_2-condition ([29]), (E_G, | · |_G) is a separable Banach space. The proof of (2) and (4) are elementary and we omit them here.

The proof of (3). It suffices to prove ∫ R^{N V (x)G(v}n^{− v)dx → 0. In fact, by the Δ}2^{-condition,}

∀ξ ∈ (0, 1), there exists N such that for n ≥ N, ∫ R^{N V (x)G(ξ−1(v}n^{− v))dx ≤ 1. Hence, ξ(1 +} ∫ R^{N V (x)G(ξ−1(v}n^{− v))dx) ≤ 2ξ. By the definition of | · |}G^{, we have |v}n^{− v|}G^{≤ 2ξ, ∀n ≥ N. Now}

we are to prove ∫ R^{N V (x)G(vn − v)dx → 0, as n → ∞.}

By Fatou’s lemma, ∀A ⊂ R^N , we have ∫ A V (x)G(v)dx ≤ lim inf_{n→∞} ∫ A V (x)G(v_n)dx, and ∫ R^N \A^{V (x)G(v)dx ≤ lim infn→∞} ∫ R^N \A^{V (x)G(vn)dx.} But ∫ R^{N G(v)dx = lim}n→∞^∫R^{N V (x)G(v}n^{)dx, hence} ∫ A V (x)G(v)dx = lim_{n→∞} V (x)G(v_n)dx, ∀A ⊂ R^N . We claim V (x)G(v_n) is asymptotically equi-continuous in integration, that is, ∀ϵ > 0, there exist δ, N such that if A ⊂ R^N , |A| ≤ δ and n ≥ N, then ∫ A V (x)G(v_n) ≤ ϵ. By the equicontinuity of the integral, there is a constant δ > 0 such that if A ⊂ R^N with |A| ≤ δ then ∫ A V (x)G(v)dx ≤^1_2 ϵ. Suppose the claim is false for ϵ. Then for δ_j =^δ_{2j} , j = 1, 2, ..., there exist A_j ⊂ R^N and n_j ≥ j such that |A_j| ≤ δ_j and ∫ A_j V (x)G(vj)dx ≥ ϵ. Set A = ∪ ∞ j=1A_j, then |A| ≤ ∑ j=1 |A_j| ≤ δ. Hence ∫ A V (x)G(v)dx ≤^ϵ_2 . But ∫ A V (x)G(v_{nj} )dx ≥ ∫ A_j V (x)G(vnj )dx ≥ ϵ, ∫ A V (x)G(v)dx = lim_{j→∞} ∫ A V (x)G(v_{nj} )dx ≥ ϵ, a contradiction. Now we take a bounded set A with ∫ R^N \A^{V (x)G(v)dx < ϵ. We have ∫}R^N \A^{V (x)G(v}n^{)dx < ϵ for all n large. Hence} ∫ R^N \A^{V (x)G(v}n^{− v)dx} ≤^1_2 ∫ R^N \A^{V (x)(G(2v}n^{) + G(2v))dx} ≤ C_0 ∫ R^N \A^{V (x)(G(v}n^{) + G(v))dx} ≤ C_0ϵ. (9)

For the integral ∫ A V (x)G(v_n − v)dx we divide A into two subsets: A_{n,1} = {x ∈ A | |v_n − v| ≤ a}, A_{n,2} = {x ∈ A | |v_n − v| > a}. By the dominated convergence theorem, ∫ A_{n,1} V (x)G(vn − v)dx → 0. The subset An,2 is small for

a large since |A_{n,2}|G(a) ≤ C ∫ V (x)G(v_n − v)dx ≤ C. Hence by our previous claim ∫ A_{n,2} V (x)G(v_n − v)dx ≤ C_0 ∫ A_{n,2} V (x)(G(v_n) + G(v))dx ≤ C_0ϵ. Altogether we get ∫ R^{N V (x)G(v}n^{− v)dx → 0.} The proof of (5). For v ∈ E_G, denote g(v) = G^′(v) = 2f(v)f^′(v) =^{2f(v)}√_{1+f 2(v)} . We have |g(v)| ≤ 2

and g^2(v) ≤ 4f^2(v). For all ∀ϕ ∈ E_G, we have for all λ > 0 ∫ R^{N V (x)g(v)ϕdx = ∫}λ|ϕ|≤1^{V (x)g(v)ϕdx + ∫}λ|ϕ|≥1^{V (x)g(v)ϕdx} ≤ ( ∫ R^{N V (x)g2(v)dx) 12 (∫}λ|ϕ|≤1^{V (x)ϕ2dx) 12 + 2 ∫}λ|ϕ|≥1^{V (x)|ϕ|dx} ≤ C( ∫ R^{N V (x)f 2(v)dx + 1) ( 1}λ^{(∫}λ|ϕ|≤1^{V (x)G(λϕ)dx) 12 + 1}λ^∫λ|ϕ|≥1^{V (x)G(λϕ)dx)} ≤^C_λ (1 + ∫ R^{N V (x)G(v))(1 + ∫}R^{N V (x)G(λϕ)).}

(10)

Hence ∫ R^{N V (x)g(v)ϕdx ≤ C(1 +} ∫ R^{N V (x)G(v)dx)|ϕ|G.} 2

Proposition 2.2 (1) The map: v → f(v) from H^1_G into L^q(R^N ) is continuous for 2 ≤ q ≤ 22^∗.

(2) Under (V1), the above map is compact for 2 ≤ q < 22^∗; under (V2) with N ≥ 2, this map is compact for 2 < q < 22^∗; under (V3) or (V4), the above map is compact for 2 ≤ q < 22^∗ from H^1_G into L^q_{loc}(R^N ).

Proof. Let u = f(v). Then it is easy to check that ||u||_X ≤ ||v||. By Sobolev embedding for q ∈ [2, 2^∗], ||f(v)||_Lq_(RN_) = ||u||_Lq_(RN_) ≤ C||u||_X for some C depending on q and N. A direct computation shows that ∫ R^{N |∇(u2)|2dx = 4 ∫}R^{N f(v)2 |∇v|2}1+f(v)2^{dx ≤ 4||v||2. By Sobolev inequality,}

||f(v)||_L22∗ = ||u^2||_L2∗ ≤ C||∇(u^2)||_L2 ≤ C||v||^2. Then by Hölder inequality, we get the map is continuous from H^1_G into L^q(R^N ) for 2 ≤ q ≤ 22^∗. Thus (1) is proved.

In case (V1), by the compact embedding from X into L^q(R^N ) for 2 ≤ q < 2^∗ we have v → f(v) is compact from H^1_G into L^q(R^N ) for 2 ≤ q < 2^∗. Due to the assertion (1) of this proposition and Hölder inequality again, we get that the map is compact from H^1_G into L^q(R^N ) for 2 ≤ q < 22^∗. Similarly, one can prove the compactness (or local compactness) for other cases. We omit the details. 2

Proposition 2.3 (1) I is well-defined on H^1_G.

(2) I is continuous in H^1_G.

(3) I is Gauteaux-differentiable. For v ∈ H^1_G, the G-derivative I^′(v) is a continuous linear functional, and I^′(v) is continuous in v in the strong-weak topology, that is, if v_n → v strongly in H^1_G, then I^′(v_n) ⇀ I^′(v) weakly.

Proof. To prove (1), we note that by Proposition 2.2 (1), the embedding v → f(v), H^1_G → L^{p+1} is continuous for p + 1 ≤^{4N}_{N−2} . Denote w = |f|(v)f(v), then ∫ R^{N |∇w|2dx =} ∫ R^N

4f^2(v) 1 + f^2(v) |∇v|^2dx ≤ C ∫ R^{N |∇v|2dx,} and ∫ R^{N V (x)|w|dx =} ∫ R^{N V (x)G(v).} Then (1) follows from Sobolev embedding theorem and Proposition 2.1. (2).

The proof of (2). Note that I consists of three terms. By Proposition 2.1, we need to check the superlinear term only. 1 p+1 ∫ R^{N |f|p+1(v}n^{)dx − 1}p+1^∫R^{N |f|p+1(v)dx} = ∫ 1 0 dt ∫ R^{N |f|p(v + t(v}n^{− v))f ′(v + t(v}n^{− v))(v}n^{− v)dx} ≤ C ∫ 1 0 ∫ R^N |f|^{p−1}(v + t(v_n − v))|v_n − v|dx ≤ C ∫ 1 0 dt( ∫ R^{N |f|(p−1) 2NN+2 (v + t(v}n^{− v))dx) N+22N (∫}R^{N |v}n^{− v|2∗ dx) 12∗} ≤ C( ∫ R^{N |f|(p−1) 2NN+2 (v)dx + ∫}R^{N |f|(p−1) 2NN+2 (v}n^{)dx) N+22N ||v}n^{− v||}L^{2∗} ≤ C||v_n − v||,

(11)

where (p − 1)^{2N}_{N+2} <^{4N}_{N−2} for p + 1 <^{4N}_{N−2} .

For (3) we consider the second and the third terms of the functional I. We see for ϕ ∈ E_G 1 t ∫ R^{N V (x)(G(v + tϕ) − G(ϕ))dx − ∫}R^{N V (x)g(v)ϕdx} = ∫ 1 0 ds ∫ R^{N (g(v + tsϕ) − g(v))ϕdx. (12)}

We have |(g(v + tsϕ) − g(v))ϕ| ≤ { C|ϕ|^2, |ϕ| ≤ 1 C|ϕ|, |ϕ| ≥ 1, (13)

so we have |(g(v + tsϕ) − g(v))ϕ| ≤ CG(ϕ), where we have used the fact: |g(s)| ≤ 2, |g^′(s)| = |G”(s)| ≤ 2. By the dominated convergence theorem ∫ 1 0 dx ∫ R^{N (g(v + tsϕ) − g(v))ϕdx → 0, as t → 0.} For the third term, we have 1 t ∫ R^{N 1}p+1^{(|f|p+1(v + tϕ) − |f|p+1(v))dx − ∫}R^{N |f|p−1ff ′(v)ϕdx} = ∫ 1 0 ds ∫ R^{N (|f|p−1ff ′(v + tsϕ) − |f|p−1ff ′(v))ϕdx} ≤ ∫ 1 0 ds( ∫ R^{N ||f|p−1ff ′(v + tsϕ) − |f|p−1ff ′(v)| 2NN+2 ) N+22N ||ϕ||}L^{2∗ .} (14)

Note that ||f|^{p−1}ff^′(v + tsϕ) − |f|^{p−1}ff^′(v)| ≤ C(|f|^{p−1}(v + ϕ) + |f|^{p−1}(v)). Hence by the dominated convergence theorem

lim_{t→0} 1 t ∫ R^N 1 p + 1 (|f|^{p+1}(v + tϕ) − |f|^{p+1}(v))dx = ∫ R^{N |f|p−1ff ′(v)ϕdx.} The Gateaux derivative I^′(v) has the form ⟨I^′(v), ϕ⟩ = ∫ R^{N ∇v∇ϕdx +} ∫ R^{N V (x)f(v)f ′(v)ϕdx −} ∫ R^{N |f|p−1ff ′(v)ϕdx.} By Proposition 2.1 (5) and Proposition 2.3 (1) and the fact that | ∫ R^{N |f|p−1ff ′(v)ϕdx| ≤ C||f||p−1}L^{(p−1) 2N}N+2^{||ϕ||L2∗ ,} we have that I^′(v) is a continuous linear functional on H^1_G.

Finally, the continuity with strong-weak topology is easy to check, as v_n → v in E_G, for any ϕ ∈ E_G, ∫ R^{N (V (x)f(vn)f ′(vn) − V (x)f(v)f ′(v))ϕ(x)dx → 0.} 2 3 Existence results

We shall use the Mountain-Pass theorem (e.g., [1] [28]) to prove the existence results. First we have the following about Palais-Smale sequences for I.

Proposition 3.1 (1) Any (PS) sequence {v_n} is bounded.

(2) If {v_n} is a (PS) sequence and u_n = f(v_n) converges in L^{p+1}, then v_n converges to v ∈ H^1_G in H^1_G. Consequently, I(v) = lim_{n→∞} I(v_n) and I^′(v) = 0.

Proof. (1) Let {v_n} be a (PS) sequence, I(v_n) → c ∈ R and I^′(v_n) → 0 in the space (H^1_G)^∗. We have I(v_n) =^1_2 ∫ R^{N |∇v}n^{|2dx + 1}2^∫R^{N V (x)G(v}n^{)dx − 1}p+1^∫R^{N |f|p+1(v}n^{)dx} = c + o(1),

(15)

⟨I^′(v_n), ϕ⟩ = ∫ R^{N ∇v}n^{∇ϕdx + ∫}R^{N V (x)f(v}n^{)f ′(v}n^{)ϕdx − ∫}R^{N |f|p−1ff ′(v}n^{)ϕdx} = o(||ϕ||). (16)

Choose ϕ =^{f(vn)}_{f ′(vn)} = √ 1 + f^2(v_n)f(v_n). We have |ϕ| ≤ C|v_n| and |∇ϕ| = (1 + f^2(v_n) 1 + f^2(v_n) )|∇v_n| ≤ 2|∇v_n|, giving ||ϕ|| ≤ C||v_n||. Thus we have ∫ R^{N (1 + f 2(vn)}1+f 2(vn)^{)|∇v}n^{|2dx + ∫}R^{N V (x)f 2(v}n^{)dx − ∫}R^{N |f|p+1(v}n^{)dx} = o(||v_n||) (17)

and ∫

R^N ( 1 2 −^1_{p+1} (1 +^{f 2(vn)}_{1+f 2(vn)} ) ) |∇v_n|^2dx + (^1_2 −^1_{p+1} ) ∫ R^{N V (x)f 2(v}n^{)dx} = c + o(1) + o(||v_n||). (18)

We consider first the case 4 < p + 1 <^{4N}_{N−2} . For p + 1 > 4 we have ∫ R^{N |∇vn|2dx +} ∫ R^{N V (x)f 2(vn)dx ≤ c + o(1) + o(||vn||),} hence ∫ R^{N |∇v}n^{|2 + ∫}R^{N V (x)f 2(v}n^{)dx is bounded. Next if p + 1 = 4, we have as above} ∫ R^{N (1 + f 2(vn)}1+f 2(vn)^{)|∇v}n^{|2dx + ∫}R^{N V (x)f 2(v}n^{)dx − ∫}R^{N f 4(v}n^{)dx} = o(||v_n||) (19) and 1 4 ∫ R^N |∇v_n|^2 1 + f^2(v_n) dx + 1 4 ∫ R^{N V (x)f 2(vn)dx = c + o(1) + o(||vn||). (20)} If we denote u_n = f(v_n), then |∇v_n|^2 = (1 + f^2(v_n))|∇u_n|^2. (19) and (20) can be written as ∫ R^{N (1 + 2u2}n^{)|∇u}n^{|2dx + ∫}R^{N V (x)u2}n^{− ∫}R^{N u4}n^{dx}

= o(( ∫ R^{N (1 + 2u2}n^{)|∇u}n^{|2dx) 12 + (∫}R^{N V (x)u2}n^{) 12 ) (21)} 1 8 ∫ R^{N |∇u}n^{|2dx + 1}8^∫R^{N V (x)u2}n^{dx} ≤ c + o(( ∫ R^{N u2}n^{|∇u}n^{|2dx) 12 ). (22)}

If ||v_n|| is unbounded, the avove two formulas imply for n large ∫ R^{N u2n|∇un|2dx ≤ c +} ∫ R^{N u4ndx. (23)}

By Sobolev embedding theorem and the Hölder inequality ∫ R^{N u4}n^{dx} ≤ ( ∫ R^{N u2}n^{dx) 4N+2 (∫}R^{N u 4NN−2n dx) N−2N+2} ≤ C( ∫ R^{N u2}n^{dx) 4N+2 (∫}R^{N u2}n^{|∇u}n^{|2dx) NN+2} ≤ C + o( ∫ R^{N u2}n^{|∇u}n^{|2dx).} (24)

Here we have used formula (22). This together with (23) imply ∫ R^{N u2}n^{|∇u}n^{|2dx is bounded, hence}

so are ∫ R^{N |∇u}n^{|2dx, ∫}R^{N V (x)u2}n^{dx, and ||u}n^{||.} To prove (2), up to a subsequence we have v_n → v a.e., v_n ⇀ v in L^{2NN−2} and ∇v_n ⇀ ∇v in L^2, and f(v_n) → f(v) in L^{p+1}. By the convexity of G we have

(^1_2 ∫ R^{N |∇v|2dx + 1}2^∫R^{N V (x)G(v)dx) − ( 1}2^∫R^{N |∇v}n^{|2dx + 1}2^∫R^{N V (x)G(v}n^{)dx)} ≥ ∫ R^{N (∇v − ∇v}n^{)∇v}n^{dx + ∫}R^{N V (x)f(v}n^{)f ′(v}n^{)(v − v}n^{)dx} = − ∫ R^{N |f|p−1ff ′(v}n^{)(v − v}n^{)dx + o(||v − v}n^{||) → 0} (25)

since |f|^{p−1}ff^′(v_n) → |f|^{p−1}ff^′(v) in L^{2NN+2} and v_n ⇀ v in L^{2NN−2} . On the other hand, by the semicontinuity and Fatou’s lemma, ∫ R^{N |∇v|2dx ≤ lim infn→∞} ∫ R^{N |∇vn|2dx} ∫ R^{N V (x)G(v)dx ≤ lim infn→∞} ∫ R^{N V (x)G(vn)dx.} Therefore, ∫ R^{N |∇v|2dx = lim infn→∞} ∫ R^{N |∇vn|2dx} ∫ R^{N V (x)G(v)dx = lim infn→∞} ∫ R^{N V (x)G(vn)dx.} By Proposition 2.1 (3), v_n → v in E_G and we have ∇v_n → ∇v in L^2 too. Hence v_n → v in H^1_G. 2

In order to produce a (PS) sequence we employ the Mountain-Pass theorem. Now let us define the Mountain-Pass value.

c_0 = inf_{γ∈Γ} sup_{i∈[0,1]} I(γ(t)), (26)

where Γ = {γ ∈ C([0, 1], H^1_G) | γ(0) = 0, I(γ(1)) ≤ 0, γ(1) ≠ 0}. (27)

To show c_0 is well defined we need to show that there exists v ∈ H^1_G \ {0} such that I(v) ≤ 0. It suffices to find u ∈ C^∞_0 (R^N ) such that J(u) < 0. Then I(v) < 0 where v = h(u). When p + 1 > 4 it is easy to see that for any u ≠ 0, J(tu) < 0 for t large. When p + 1 = 4, we take u_0 ∈ C^∞_0 (R^N ) first and consider u_s(x) = u_0(sx). Then it follows from a direct computation that for s > 0 small enough (p + 1) ∫ R^{N u2}s^{|∇u}s^{|2 < 2 ∫}R^{N |u}s^{|4. Fix such a s > 0 and we have J(tu}s^{) < 0 for t large.}

Lemma 3.2 c_0 > 0.

Proof. Set S_ρ = {v ∈ H^1_G | ∫ R^{N |∇v|2dx +} ∫ R^{N V (x)f 2(v)dx = ρ2}.} For w = f(v)|f(v)| with v ∈ S_ρ, we have ∫ R^{N |∇w|2dx =} ∫ R^N

4f^2(v) 1 + f^2(v) |∇v|^2dx ≤ 4ρ^2 ∫ R^{N |w|dx ≤} ∫ R^{N V (x)f 2(v)dx ≤ ρ2,} ∫ R^{N |f|p+1(v)dx = ∫}R^{N |w| p+12 dx} ≤ ( ∫ R^{N |w|dx) θ(p+1)2 (∫}R^{N |w|2∗ dx) (1−θ)(p+1)2} ≤ Cρ^{2θ(p+1)}2 ( ∫ R^{N |∇w|2) 2∗2 (1−θ) p+12} ≤ Cρ^{p+1}2^{(2θ+2∗(1−θ))} = Cρ^{2N+2(p+1)N+2} ,

(28)

where θ =^{2∗− p+12}_{p+12 (2∗−1)} . Note that^{2N+2(p+1)}_{N+2} > 2 if and only if p + 1 > 2. Hence for v ∈ S_ρ I(v) ≥ 1 2 ρ^2 − Cρ^{2N+2(p+1)N+2} ≥ 1 4 ρ^2

for 0 < ρ < ρ_0 << 1 for some ρ_0. If γ(1) = v and I(γ(1)) < 0, then ∫ R^{N |∇v|2dx+∫}R^{N V (x)f 2(v)dx >} ρ^2_0 and sup t∈[0,1] I(γ(t)) ≥ ∫ {I(w) | w ∈ S_{ρ0} } ≥ 1 4 ρ^2_0 > 0.

Hence, c_0 ≥^1_4 ρ^2_0 > 0. 2

Proposition 3.3 There is a (PS)_{c0} sequence {v_n} for I with c being defined above.

Proof. This follows with a standard argument from the Ekeland’s variational principle and the strong-weak continuity of the Gauteaux derivative I^′(v).

Now we are ready to prove our main result Theorem 1.1. The compact case is considered first where we assume (V1) or (V2).

Proof of Theorem 1.1. The cases (V1) or (V2). By Proposition 3.3 we have a (PS)_{c0} sequence {v_n} for the Mountain-Pass value c_0 > 0. By Proposition 3.1.(1) {v_n} is bounded in H^1_G. By Proposition 3.1.(2) v_n converges to v in H^1_G if f(v_n) → f(v) in L^{p+1}. By Proposition 2.2, under (V1) or (V2) with N ≥ 2, the map v → f(v) from H^1_G into L^{p+1} is compact. Up to a subsequence we have v_n → v in H^1_G and v is a critical point of I. Since we may replace v_n by |v_n| we may assume v ≥ 0 in R^N . By elliptic regularity theory, we have v smooth. By Lemma 3.7 below v > 0 in R^N . 2

Cases (V3) and (V4) are locally compact ones for which we need more arguments. First by using the concentration-compactness lemma due to P. L. Lions we have the following lemma.

Lemma 3.4 Let v_n ⊂ H^1_G be a (PS)_{c0} sequence for I. Then by passing to a subsequence we have A := lim_{n→∞} ∫ R^{N |f(v}n^{)|p+1dx > 0. Furthermore, there is β ∈ (0, 1] and x}n^{⊂ RN such that for}

any ϵ > 0 there exists R > 0, for any R^′ ≥ R it holds

lim inf n→∞ ∫ B_R(xn) |f(v_n)|^{p+1}dx ≥ βA − ϵ, lim inf n→∞ ∫ R^N \B_R′ (xn)^{|f(vn)|p+1dx ≥ (1 − β)A − ϵ.} Proof. First by Proposition (3.1), (v_n) is bounded and therefore ∫ R^{N |f(v}n^{)|p+1dx is bounded. We}

claim that ∫ R^{N |f(v}n^{)|p+1dx is bounded away from zero. Otherwise f(v}n^{) → 0 in Lp+1, then v}n^{→ 0}

in H^1_G by Proposition 2.1.(2). Hence I(v_n) → 0, which contradicts with c_0 > 0. Let w_n = f(v_n)^2. We apply the concentration-compactness lemma due to P.L.Lions ([33]) to |w_n|^{p+1}2 = |f(v_n)|^{p+1}. By Proposition 2.2, w_n is bounded in L^{2∗} and thus bounded in L^2. Since a direct computation shows that ∫ R^{N |∇w}n^{|2 ≤ ∫}R^{N |∇v}n^{|2, we get that w}n^{is bounded in H1(RN ). Then by a Lemma due}

to P.L.Lions (e.g., [34]) the vanishing case cannot occur. Then it follows from the concentrationcompactness lemma that there is β > 0, x_n such that the conclusion holds. 2

Lemma 3.5 β = 1 in the previous lemma, i.e., the dichotomy cannot occur.

Before proving Lemma 3.5, we give a remark.

Remark 3.6 If β = 1, by Lemma 3.5 and the compactness of the map: v → f(v) from H^1_G → L^{p+1}_{loc} (R^N ) we have f(v_n) → f(v) in L^{p+1}, hence by Proposition 3.1 v_n → v.

Proof of Lemma 3.5 Let η and ζ be smooth functions, satisfying η(s) = 1 for s ≤ 2R, η(s) = 0 for s ≥ 3R; ζ(s) = 1 for 2R ≤ s ≤ 3R, ζ(s) = 0 for s ≤ R or s ≥ 4R. We claim ∫ T_R |∇v_n|^2dx + ∫ T_R V (x)f^2(v_n)dx + ∫ T_R |f(v_n)|^{p+1}dx = o_R(1) + o_n(1) + O(ϵ),

where T_R = T_R(x_n) = {x | 2R ≤ |x − x_n| ≤ 3R}, o_R(1) → 0 as R → ∞ uniformly in n, o_n(1) → 0 as n → ∞. To see these, let ϕ = ζ^2(|x − x_n|)f(v_n) √ 1 + f^2(v_n). Using ∇ζ = O(^1_R ) we have ||ϕ|| is bounded and ⟨I^′(v_n), ϕ⟩ = o_n(1). A direct computation shows ∫ R^{N ζ2|∇vn|2dx +} ∫ R^{N V (x)ζ2f 2(vn)dx =} ∫ R^{N ζ2|f(vn)|p+1dx + O(} 1 R ) + o_n(1)

here we have used the fact that ∫ B_{4R}\B_R(xn) |f(vn)| p+1dx ≤ 2ϵ. Next we define w_n = η(|x − x_n|)v_n, z_n = (1 − η(|x − x_n|))v_n. Then ∫ R^{N f p+1(wn)dx ≥} ∫ B_{2R}(xn) f^{p+1}(v_n)dx ≥ βA − ϵ ∫ R^{N f p+1(zn)dx ≥} ∫ R^N \B3R(xn)^{f p+1(vn)dx ≥ (1 − β)A − ϵ.} By the claim above, we have

I(v_n) = I(w_n) + I(z_n) + o_n(1) + O_R(1) + O(ϵ).

We claim that I(w_n) ≥ c_0 + o(1) and I(z_n) ≥ c_0 + o(1). Taking limit, we get a contradiction c_0 ≥ 2c_0. To see this claim, we construct a curve γ : [0, 1] → H^1_G with γ(0) = 0, γ(1) < 0 and sup_{t∈[0,1]} = I(w_n) + o(1) (or sup_{t∈[0,1]} = I(z_n) + o(1) respectively). First we have the following estimate

o(1) = ⟨I^′(w_n), √ 1 + f^2(w_n)f(w_n)⟩ = ∫ R^{N (1 + f 2(wn)}1+f 2(wn)^{)|∇w}n^{|2dx + ∫}R^{N V (x)f 2(w}n^{)dx − ∫}R^{N |f(w}n^{)|p+1dx.} (29)

This follows from

o(1) = ⟨I^′(v_n), η^2 √ 1 + f^2(v_n)f(v_n)⟩ = ∫ R^{N η2(1 + f 2(vn)}1+f 2(vn)^{)|∇v}n^{|2dx + ∫}R^{N V (x)f 2(v}n^{)η2dx − ∫}R^{N η2|f(v}n^{)|p+1dx} (30)

and the fact that w_n = v_n for |x − x_n| ≤ 2R and w_n = 0 for |x − x_n| ≥ 3R. Now let u_n = f(w_n) the above implies ∫ R^{N (1 + 2u2)|∇un|2dx +} ∫ R^{N V (x)u2ndx −} ∫ R^{N |un|p+1dx = o(1).} Next, we claim that there exist t_n → 1 such that ∫ R^{N (1 + 2(tnun)2)|∇tnun|2dx +} ∫ R^{N V (x)(tnun)2dx −} ∫ R^{N |tnun|p+1dx = 0.} To see this, let us denote

a_n = ∫ R^{N |∇un|2dx +} ∫ R^{N V (x)u2ndx, bn = 2} ∫ R^{N u2n|∇un|2dx, cn =} ∫ R^{N |un|p+1dx.} Then a_n + b_n − c_n = o(1), c_n → c_∗ ∈ (0, ∞), a_n → a_∗ ∈ [0, ∞), and b_n → b_∗ ∈ [0, ∞). If a_∗ = 0, by using that b_n is bounded, we have c_n → 0, so a_∗ > 0. Then for n large we can solve equation a_n + t^2b_n − t^{p−1}c_n = 0 which has a unique positive solution t_n converging to the unique positive solution t_∗ for equation a_∗ + t^2b_∗ − t^{p−1}c_∗ = 0. Since we already know a_∗ + b_∗ − c_∗ = 0, in case p + 1 > 4, we must have t_∗ = 1. When p + 1 = 4, we need to solve a_n + t^2b_n − t^2c_n = 0. Since a_n → a_∗ > 0, a_∗ + b_∗ − c_∗ = 0, we have c_n > b_n for n large. So again we get a unique solution t_n for the equation a_n + t^2b_n − t^2c_n = 0.

Finally let γ(t) = h(tu_n). We claim

sup_{t≥0} I(γ(t)) = I(γ(t_n)) = J(t_nu_n).

To see this, I(γ(t)) = J(tu_n) =^1_2 ∫ R^{N (1 + t2u2}n^{)t2|∇u}n^{|2dx + 1}2^∫R^{N V (x)t2u2}n^{dx − 1}p+1^∫R^{N tp+1|u}n^{|p+1dx. (31)}

Using^d_{dt} J(tu_n) = 0 we have ∫ R^{N (1 + 2t2u2n)|∇un|2dx +} ∫ R^{N V (x)u2ndx −} ∫ R^{N tp−2|un|p+1dx.} Hence t = t_n. By a rescaling, we find a curve γ(t) such that sup_{t∈[0,1]} I(γ(t)) = J(t_nu_n) = J(u_n) + o(1), hence I(w_n) ≥ c_0 + o(1). Similarly, if β < 1 we have I(z_n) ≥ c_0 + o(1). This proves that β = 1. 2

Proof of Theorem 1.1. The case (V3). By Proposition 3.1, there is a (PS)_{c0} sequence {v_n} ⊂ H^1_G for I, i.e., I(v_n) → c_0 and I^′(v_n) → 0 as n → ∞. By Lemma 3.5 there exist {y_n} ⊂ R^N such that for any ϵ > 0 there is R > 0

lim inf ∫ B_R(yn) |f(v_n)|^{p+1}dx ≥ lim ∫ R^{N |f(vn)|p+1dx − ϵ.}

Since V is periodic in each variable x_1, ..., x_n, we may assume that {y_n} is bounded. By the locally compact map v → f(v) from H^1_G into L^{p+1}_{loc} , we have the convergence f(v_n) → f(v) in L^{p+1}(R^N ), hence v_n → v in H^1_G, and I^′(v) = 0, I(v) = c_0. Similar to the case (V1), we have v > 0 in R^N . The proof is complete. 2 Proof of Theorem 1.1. The case (V4). Consider the limit functional

I_∞(v) = 1 2 ∫ R^{N |∇v|2 +} ∫ R^{N V∞f 2(v) −} ∫ R^{N |f(v)|p+1} where V_∞ = lim_{|x|→∞} V (x) = supRN V (x). Define

c_∞ = inf_{γ∈Γ∞} sup_{t∈[0,1]} I_∞(γ(t))

where Γ_∞ = {γ ∈ C([0, 1], H^1_G | γ(0) = 0, I_∞(γ(1)) < 0}. By Theorem 1.1 under (V3), I_∞ has a critical point v_∞ ∈ H^1_G, I_∞(v_∞) = c_∞, I^′_∞(v_∞) = 0. Let u_∞ = f(v_∞), and γ(t) : [0, 1] → H^1_G, γ(t) = h(tu_∞). Then sup_{t∈[0,1]} I(γ(t)) = I_∞(γ(1)) = c_∞. It is clear that I(γ(t)) ≤ I_∞(γ(t)). The strict inequality holds if either V (x) < V_∞ for all x ∈ R^N ; or V (x) ≡ V_∞ and v_∞(x) > 0 in R^N . We assume the stronger condition V (x) < V_∞. We have I(γ(t)) ≤ I_∞(γ(t)), hence c ≤ sup_t I(γ(t)) < c_∞ = sup_t I_∞(γ(t)). As in the case (V3), we have a (PS)_{c0} sequence {v_n} ∈ H^1_G such that I(v_n) → c_0, I^′(v_n) → 0, and a sequence {y_n} ∈ R^N such that for any ϵ > 0 there is R > 0 such that lim inf ∫ B_R(yn) |f(v_n)|^{p+1}dx ≥ lim ∫ R^{N |f(vn)|p+1dx − ϵ.} As in case (V3), we need to prove the boundedness of the sequence {y_n} only. We have 1 2 ∫ R^{N |∇v|2dx +} 1 2 ∫ R^{N V (x)f 2(vn)dx −} 1 p + 1 ∫ R^{N |f(vn)|p+1 = c0 + o(1),} ∫ R^{N (1 +}

f^2(v_n) 1 + f^2(v_n) )|∇v_n|^2dx + ∫ R^{N V (x)f 2(vn)dx −} ∫ R^{N |f(vn)|p+1dx = o(1).} Suppose that |y_n| → ∞. Then ∫ R^{N V}∞^{f 2(v}n^{)dx − ∫}R^{N V (x)f 2(v}n^{)dx} = ∫ R^N \BR(yn)^{(V}∞^{− V (x))f 2(v}n^{)dx + ∫}BR(yn)^{(V}∞^{− V (x))f 2(v}n^{)dx} ≤ C ∫ R^N \BR(yn)^{f 2(v}n^{)dx + C sup}|x|≥|yn|−R^{|V}∞^{− V (x)|} → 0. (32)

Hence I_∞(v_n) =^1_2 ∫ R^{N |∇v|2dx + 1}2^∫R^{N V}∞^{f 2(v}n^{)dx − 1}p+1^∫R^{N |f(v}n^{)|p+1}

= c_0 + o(1).

(33) ∫ R^{N (1 +}

f^2(v_n) 1 + f^2(v_n) )|∇v_n|^2dx + ∫ R^{N V∞f 2(vn)dx −} ∫ R^{N |f(vn)|p+1dx = o(1).} These two formulas imply that c_∞ ≤ c, as we have done for the functional I. This contradicts our previous conclusion c_∞ > c_0. Again, we can argument that v > 0 in R^N as before. The proof is complete. 2

Finally we have the following lemma which gives the positivity of the solutions we obtained.

Lemma 3.7 A nonnegative solution v of −Δv + V (x)f(v)f^′(v) = |f(v)|^{p−1}f(v)f^′(v) is positive in R^N .

Proof. Notice that near v = 0, we have f(v) ∼ v, f^′(v) ∼ 1. The equation is of form −Δv + k(x)v = 0, where k(x) > 0 in a neighborhood B_r(x) of a point x with v(x) = 0. Now applying Hopf’s lemma we know v has to be strictly positive. 2

Remark 3.8 A minimization approach was used in [22] and [25] for equation (2), and solutions were obtained for a sequence of λ_n tending to 0 and ∞. Here we obtain solutions for all λ > 0.

Remark 3.9 In [22] a more general equation was considered −Δu + V (x)u − (Δ(|u|^{2α}))|u|^{2α−2}u = λ|u|^{p−1}u, u > 0, in R^N (34) where α >^1_2 . Our method in this paper can be adopted to this more general problem to get the following result.

Theorem 3.10 Let α >^1_2 and 4α ≤ p + 1 < 2α2^∗. Then for any λ > 0, (34) has a positive

solution, provided that one of the following four conditions hold: (V1); (V2) and N ≥ 2; (V3); (V4).

Remark 3.11 Our method applies to more general nonlinearity which are not necessarily of pure power form. It does not need major changes of our arguments. We leave the statements of the results to interested readers.

Remark 3.12 In recent years, critical point theory for continuous functionals have been developed (e.g., [2, 3, 11, 13] and references therein) which could be used directly for our problem by using an approximation argument. However, it seems that using this type of theory one has to further restrict the growth of the nonlinearity, namely, p + 1 < 2^∗, which together with p + 1 ≥ 4 would limit the space dimensions to N = 1, 2, 3 only.

Remark 3.13 It is interesting to note that 22^∗ =^{4N}_{N−2} behaves like a critical exponent for equation (2). We do not know whether there are solutions for p + 1 = 22^∗.

References

[1] Ambrosetti, A., Rabinowitz, P., Dual variational methods in critical point theory, J. Funct. Anal., 14 349-381 (1973) [2] Arcoya, D., Boccardo, L., Critical points for multiple integrals of the calculus of variations, Arch. Rational Mech.

Anal., 134 (1996), 249–274.

[3] Arcoya, D., Boccardo, L., Some remarks on critical point theory for nondifferentiable functionals, Nonl. Diff.

Equa. Appl., 6 (1999), 79–100.

[4] Bartsch, T., Wang, Z.-Q., Existence and multiplicity results for some superlinear elliptic problems on R^n: Comm.

Partial Differential Equations 20, 1725-1741 (1995) [5] Bass, F. G., Nasanov, N. N., Nonlinear electromagnetic spin waves. Physics Reports 189, 165-223 (1990)

[6] Berestycki, H., Lions, P. L., Nonlinear scalar field equations, I: Existence of a ground state. Arch. Rational Mech.

Anal. 82, 313-346 (1983) [7] Borovskii, A. V., Galkin, A. L., Dynamical modulation of an ultrashort high-intensity laser pulse in matter. JETP 77, 562-573 (1993) [8] De Bouard, A., Hayashi, N., Saut, J.-C., Global existence of small solutions to a relativistic nonlinear Schrödinger equation. Comm. Math. Phys. 189, 73-105 (1997) [9] Brandi, H. S., Manus, C., Mainfray, G., Lehner, T., Bonnaud, G., Relativistic and ponderomotive self-focusing of a laser beam in a radially inhomogeneous plasma. Phys. Fluids B 5, 3539-3550 (1993) [10] Browder, F. E., Variational methods for nonlinear elliptic eigenvalue problems. Bull. Amer. Math. Soc. 71, 176-183 (1965) [11] Canino, A., Multiplicity of solutions for quasilinear elliptic equations, Topol. Methods Nonlinear Anal., 6 (1995), 357–370.

[12] Chen, X. L., Sudan, R. N., Necessary and sufficient conditions for self-focusing of short ultraintense laser pulse.

Phys. Review Letters 70, 2082-2085 (1993) [13] Corvellec, J., Degiovanni, M., Marzocchi, M, Deformation properties for continuous functionals and critical point theory, Topol. Methods Nonlinear Anal. 1 (1993), 151–171.

[14] Floer, A., Weinstein, A.: Nonspreading wave packets for the cubic Schrödinger equation with a bounded potential. J. Funct. Anal. 69, 397-408 (1986) [15] Hasse, R. W., A general method for the solution of nonlinear soliton and kink Schrödinger equations. Z. Physik B 37, 83-87 (1980) [16] V. Kondrat’ev, M. Shubin, Discreteness of spectrum for the Schrödinger operator on manifolds of bounded geometry, Operator theory: Advances and Applications, 110 (1999), 185-226.

[17] Kosevich, A. M., Ivanov, B. A., Kovalev, A. S., Magnetic solitons. Physics Reports 194, 117-238 (1990) [18] Kurihura, S.: Large-amplitude quasi-solitons in superfluid films. J. Phys. Soc. Japan 50, 3262-3267 (1981) [19] Laedke, E. W., Spatschek, K. H., Stenflo, L., Evolution theorem for a class of perturbed envelope soliton solutions. J. Math. Phys. 24, 2764-2769 (1983) [20] Lange, H., Toomire, B., Zweifel, P. F., Time-dependent dissipation in nonlinear Schrödinger systems. J. Math.

Phys. 36, 1274-1283 (1995) [21] Litvak, A. G., Sergeev, A. M., One dimensional collapse of plasma waves. JETP Letters 27, 517-520 (1978) [22] Liu, J.-Q., Wang, Z.-Q.: Soliton Solutions for Quasilinear Schrödinger Equations. preprint [23] Makhankov, V. G., Fedyanin, V. K., Non-linear effects in quasi-one-dimensional models of condensed matter theory. Physics Reports 104, 1-86 (1984) [24] Nakamura, A., Damping and modification of exciton solitary waves. J. Phys. Soc. Japan 42, 1824-1835 (1977) [25] Poppenberg, M., Schmitt, K., Wang, Z.-Q., On the existence of soliton solutions to quasilinear Schrödinger equations, Calculus of Variations and PDEs, to appear [26] Porkolab, M., Goldman, M. V., Upper hybrid solitons and oscillating two-stream instabilities. Physics of Fluids 19, 872-881 (1976) [27] Quispel, G. R. W., Capel, H. W., Equation of motion for the Heisenberg spin chain. Physica 110 A, 41-80 (1982) [28] Rabinowitz, P., Minimax Methods in Critical Point Theory with Applications to Differential Equations, CBMS Conf. Ser. in Math. 65, Amer. Math. Soc., 1986 [29] Rao, M.M., Ren, Z.D., Theory of Orlicz Spaces. Marcel Dekker, Inc. New York. 1991. [30] Ritchie, B., Relativistic self-focusing and channel formation in laser-plasma interactions. Phys. Rev. E 50, 687- 689 (1994) [31] Strauss, W. A., Existence of solitary waves in higher dimensions, Comm. Math. Phys., 55 (1977), 149-162 [32] Takeno, S., Homma, S., Classical planar Heisenberg ferromagnet, complex scalar fields and nonlinear excitations.

Progr. Theoret. Physics 65, 172-189 (1981) [33] P.-L. Lions, P.-L., Concentration compactness principle in the calculus of variations. The limit case. Part 1, Rev. Mat. Ibero., 1.1, (1985), 145 - 201.

[34] Willem, M., Minimax Theorems, Birkhäuser, Boston, (1996).