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Abstract. We establish some embedding results of weighted Sobolev spaces of
radially symmetric functions. The results then are used to obtain ground state
solutions of nonlinear Schrédinger equations with unbounded and decaying
radial potentials. Our work unifies and generalizes many existing partial results
in the literature.
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1 Introduction

This paper is concerned with nonlinear Schrodinger type equations with potentials
which may be unbounded, decaying and vanishing. These type equations have been
studied recently (e.g., [1, 3, 4, 5, 6, 8, 9, 10, 11, 12, 18, 19, 20, 24, 25, 26])

(1.1) —Au+V(x)u = f(z,u)

where the dependence on x can tend to infinity or zero somewhere. In contrast
to the case of bounded spatial dependence on potentials which has been studied
extensively (e.g., [7, 12, 14, 15, 22, 27] and references therein) and which requires

basically a standard subcritical nonlinear growth condition

2N
[fau)] <CO+ ) 2<p<2 =,



the case of potentials with growth and decay is more subtle in determining the
optimal range of nonlinearity.
In this paper we shall focus on the following model equation

—Au+V(jz))u =Q(Jz[)ur~, u>0, in RN
(1.2)

lu(z)] — 0, as |z| — oc.
We establish the necessary functional framework in which solutions are naturally
studied by variational methods and the existence and qualitative property of solu-
tions can be examined. It turns out that it is the interplay between the growth of
the nonlinearity and the rates of growth and decay for the potentials that deter-
mines the existence and non-existence of solutions. This will be done by studying
the embedding between some weighted Sobolev spaces. We focus on the radially
symmetric case for which stronger results can be established than for the general
cases. To the best of our knowledge this type embedding results have not been
studied in details (see Remarks 3 and 4 on some related results on existence of
solutions by various methods). We refer to [17, 21] for general theory of weighted
Sobolev spaces.

We always assume N > 2. We make the following assumptions.

(V) V(r) € C(0,00)), V(r)r¥1 € LY0,1), V(r) > 0, and there exists a >
—2(N — 1) such that

lim inf m > 0.
r—00 ra
(Q) Q€ C((0,00)), Q(r) > 0, and there exist by > —2 and b € R such that
lim sup Q) < o0, limsup Qi) < 0.
r—0 rb r—00 Tb
(VQ) There exist —2 > ag > —N, by > ag such that
lim inf Vir) >0, limsup ng) < 00.
r—0 raeo r—0 rbo

We introduce some notations. Let C§°(R”Y) denote the collection of smooth

functions with compact support and
o (RY) = {u e CPRY) | uis radial }.
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Let D}*(RY) be the completion of C§%.(R"Y) under

Jull = ( / |Vu\2d:v) .
RN

Denote
HYRY; V) = G (R,
where .
2
ully = ( [ v +v<|x|>u2>d:c) .
RN
Define

LP(RY; Q) = {u RY =R | uis measurable,/N Q(|z|)|ulPdr < oo} :
R

Similarly we may define L*(RY; V). Then H}(R™;V) = DLY*(RN) N L*(RY; V).
If (V) and (Q) are satisfied, we define

o 2(N + bo)
— D) = 20 g
( 22N —2+2b—a)
b > —2
ON—2+a = =7
pi=pla;b) = M, b> -2 -2>a>—2(N—1)
N —2
[ 2, a>—2(N —1),b < max{a, —2}.

If in addition, (VQ) is satisfied, we define

2(2N—2+2l)0—a0)
2N—2+a0

Theorem 1. Let N > 3. Assume (V) and (Q). Then
(1.3) HYRY; V) < LPRY;Q)  for Bbo) > p > pla,b).

Furthermore, if b > max{a, —2}, the embedding is compact for p > p > p, and if
b < max{a, —2}, the embedding is compact for p > p > 2. If in addition, (VQ)
is satisfied, p(bo) can be replaced by max{p(by),p(ao,bo)}, and the conclusions still
hold.



Theorem 2. Let N =2. Assume (V) and (Q). Then
(1.4) H!(R*V) — LP(R*Q), for oo >p > p.

Furthermore, if b > a, the embedding is compact for oo > p > p, and if b < a, the
embedding is compact for co > p > 2.

Theorem 3. Let N > 2. Assume (V) and (Q) or assume (V), (Q) and (VQ)
with the corresponding p and p defined such that p > p > p. Then equation (1.2)

has a ground state solution u € H(RY; V), namely

/ IVl + V(|2])a? / Vol + V([a])e?
RN = inf RN

([ @tehe) [ et

Moreover, when a > —2, there exist C,c > 0 such that

u(z) < Cexp (—c|:c\2§a) :
For a < —2, there exists C' > 0 such that u(z) < Clz| "=

Remark 1. We show under (V),

Julfy = [ (0 +V(el)u)do

is a norm. Checking the proofs, the above three theorems remain valid as long as

/ Vul? + V(|z|)u? > /\R/ u?
Bgr Br

for some Ag > 0 for R >> 1, even V(r) is negative somewhere. Also for the
existence of solutions of (1.2), @ can be allowed to be zero somewhere (in this case

Q(|x])|u|? is not necessarily a norm anymore). Theorem 3 still holds as long as

Q(|z[) # 0.

Remark 2. For a > —2, we prove exponential decay of the solutions and thus
these solutions are in H'(RY). For —2(N —1) < a < —2, we do not know whether

the solutions have exponential decay.



Remark 3. Problems like (1.2) have been studied recently in [1, 25] without
assuming radial symmetry. Comparing with these, our results give existence of
ground state solutions for a wider range of nonlinearity (in terms of the range
of p). For example, in [1] the authors consider —Au + V(z)u = Q(z)uP~! and
give the existence of a ground state in the weighted Sobolev space assuming that
1+\x|a < V(r) < Ay, 0 < Qz) < 1+| TP
(0,2),3 > 0, and that p# < p < 2%, where p# := 2* — (N 5
pt =2 otherwise In our notation a := —a € (—2,0), bp =0, b = —3 < 0 and
pF =2

for positive constants A;, Ay, k and o €

for 0 < # < a, and

,if @ < b < 0 and p* = 2, otherwise. Our result gives a radial

2(2N —24-2b—a)
2N —24a

N 2)
ground state( for p = <p<2if b > a, and for 2 < p < 2* otherwise.
Note it always holds p < p”. Tt is proved in [1] that in general for p < p#, a ground
state does not exist. Our result gives a ground state in the radially symmetric class.
Similar comparison can be done with the results in [25] where a > 0, b > 0 was
considered without assuming radial symmetry and the range for the nonlinearity

in terms of p is more restricted.

Remark 4. For equations like (1.2) with radial potentials, our results contain
many existing results established by a variety of methods. Our results not only
unify and generalize the existing results but also establish a unified framework. We
follow the approach used by Sintzoff and Willem in [24] which considers ground
states for homogeneous potentials with a > 0, b > 0. The result [12] by Ding-Ni
is regarded as the case a = a9 = 0,bp = 0,b > 0 and [12] used an approximation
methods from bounded domains. We also mention the classical work [7, 27] on
existence of ground states in radial classes for autonomous case or bounded spatial
dependence. Related work can be found in [14, 15, 18, 19]. Souplet and Zhang in
[26] give the existence of a radial solution for a € (—2,0) and Q(|z|) = 1 by using
the parabolic flow method without giving the least energy property. Our results
extend and generalize these work on existence theory and also provide a unified
functional framework for studying more general nonlinearity. Our approach is
uniform in dealing with all the parameters of growth and decay, avoiding various ad

hoc devices used in above mentioned papers for establishing existence of solutions.



2 The proofs of main Theorems

We start with stating a few known results and giving a few preliminary lemmas
which we need. We use C; to denote various constants independent of the functions,

and for any set A C RY, A¢ denotes the complement of A.

Lemma 1. a.) Assume (V). Then there exists C > 0 such that for all u €
Cos(RY),

_2(N—1)+a
1) u(@)] < Cllull sl 23 [o] > 1.
b.) Assume (VQ). Then there exists ro > 0 and C > 0 such that for all u €
Cor(Bry(0)),

2(N—1)+aq

(22) u(@)| < Cllullmva =7, 0 < || <o

(2.1) and (2.2) are improvements of Strauss Radial Lemma ([27]) and were
proved for a homogeneous potential V' with a > 0 in [24]. Using (V) and (VQ) the

proof here is similar and we omit it.

2(N
Lemma 2. LetN23,2§p<oo,p:%

there exists C > 0 such that for all u € DM?*(RY)

for some =2 < ¢ < o0o. Then

(2.3) (/ |:1c|c|u|pda:)p < C/ |Vul*dz.
RN RN

This result was due to [13], and was reproved by somewhat different arguments
in [16, 23].

Lemma 3. Let N >2, 1 <p<oo. Then for anyco > R >r >0 with R >> 1,

the following embedding is compact

(24) HTI(BR\BT, V) - LP<BR\BM Q)



Proof. Note first for R > r > 0 with R >> 1, the norm of H!(Bg\B,;V) is
equivalent to the norm of H!(Bg\B,) = {u € H'(Bg\B,) | v is radial}. By Ascoli
Theorem, H!(Bg\B,) is compactly embedded into L?(Bg\B,) for all 1 < p < oo.
Finally, we note that LP(Bg\B,) is embedded into L?(Bg\B,; Q). O

Lemma 4. The functional ||ully = \// (IVul? + V(|z|)u?)dx defines a norm
RN

so HY(RY; V) is well-defined. Moreover, for R >> 1,
(2.5) H}(Bgr;V) — H'(Bg),

where H}(Bg; V) = { |UEH}(RN;V)}.

ulg,

Proof. If ||u|ly = 0, then /|Vu|2 = 0 and v is a constant. It follows from (V),
liminf, ., V(r)r=® > 0, one has u = 0.

Next, let Ry > 0 be such that (suppV)¢ C Bg,. For R > R; + 1, we claim
H}(Bg;V) < H'(Bg). For every u € H}(Bg, V), we have w <O Vil

Br\Bg, Br
Choose a cut-off function ¢ € C3°(Bg) satistying p(z) = 1 for |z| < R;. Then, by

Poincaré inequality

[ o< o < af v
Br, Br Br
< C4 (/ \Vu\z—ir/ u2>
Br BRr\BR,

< 04/ |Vul® + V2.
Br

We need the Hardy inequality.

Lemma 5. Let N > 3. For all u € DY?(RY)

N —2\? u?
2.6 Vul? > (—) / —.
20 Lowee=(557) [



Lemma 6. ([28]) Let N = 2. For all u € Dy*(By)
1 1\
|Vul? > —/ |22 <ln —> u?.
B1 4 Jp, ||

Proof of Theorem 1. We distinguish several cases.
Case 1. First we assume (V) and (Q) with a > —2. For the embedding, it

suffices to show

|Vul® + Vu?
S(V,Q):= inf RY > 0.

ueHL(RN;V) ;
( / Q|u|p)
RN

If this is false, there exist (u,) C H}(RY; V') such that /Q]un]p =1, /(\Vun]2 +

2N 2
Vui) = o(1). Writing p = N5 + N f 5 by p < p, we have ¢ < by. For any

r > 0 small enough, Q(z) < Cylz|*, |z| < r, for some Cy > 0. By Lemma 2,

1) QluaP < Co [ ol < ot [ Jafunl
B,« B’r BT

P

< Corhoe (/ ]Vu,f) =o(1) - rbo~e,
RN

On the other hand, there exists Ry > 0, for some Cy,Cy > 0,

Q(z) < Cylz|>  for |z| > Ry
V(z) > Colz|*  for |z] > Ry.

Then by Lemma 1 a., for R > Ry

(2.8) QP < ¢ / 2 ?
BS, B

c
R

e / 2P un 2L
c

BR
0.y / V(ahs

R

< Cle—a—(p—Q)(¥+

IN

= R eACTHD L o(1),
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Together with Lemma 3, we get / Q|u,|? — 0, a contradiction.
RN

Next, we consider compactness. Assume first p > p > p. Let (u,,) C H}(RV; V)
be such that ||u,|| < C. Without loss of generality, we may assume u,, — 0. We
claim u, — 0 in LP(RY; Q). As in (2.7), we get

(2.9) Qlun [P < Coro—e

||unHH1 (RNV)
B

and as in (2.8), we get
(2.10) . Qlun|? < C«SRb—a—(P—Q)(¥+%)||un||?{}(RN§V)'
R
N -1

Since by —c > 0,b—a— (p—2) (T + 4) < 0, together with Lemma 3, we get

Qlu,[P — 0, as n — oo.
N
R

Finally, we consider the compactness for the case b < a and p = 2. Similar to
(2.10) we have

(211) Q’Un|2 S CgRbiaHUnH?{}.(RN;V).
By
By Lemma 5,
(2.12) Qlun|* < Co/ ||~ | < 017”2+b°/ V.
By B, RN

Since by > —2 and b < a we get / Qlu,|? — 0, as n — oo. Case 1 is finished.
N

Case 2. We assume (V) and (Qﬂ% with —2(N —1) < a < —2. Checking the proofs
above when b > —2, we see (2.7), (2.9) still hold and we need to get estimates like
(2.8) and (2.10). Writing p = 23+2¢ we get ¢ > b. Then for R > Ry, we use Lemma
2 to get

(2.13) QlunP < 01/ 2 |° | [P
B %

= [ ol el lunp
Bg
< G R V5.
Using b — ¢ < 0 we get the estimate as for (2.8) and (2.10).
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When b < —2 we need to prove compactness for p = 2. Let ¢ be a cut-off
function such that ¢(r) =1 for r > 2Ry and ¢(r) = 0 for » < Ry. Then by Lemma
9,

Qlunl® < CLR™?||V(dun)|3 < CoR™ ||V, 5.

B,
Since (2.12) still holds and b < —2, the remaining part of the proof is the same as
before. Case 2 is done.

Case 3. We assume (V), (Q), and (VQ) are satisfied. Checking the proofs above
we need to get estimates similar to (2.7)—(2.12). We observe that depending on «,
(2.8), (2.10) or (2.13) still hold. We need to get estimates near 0. By (VQ) there
is 79 > 0 such that for some Cy > 0, V(r) > Cor® for 0 < r < ry. We choose a
cut-off function ¢ such that ¢(r) =1 for 0 <r < 2, and ¢(r) = 0 for r > 7. Then
by Lemma 1 b., for r < /2

Q. <Co / 2| ?
B, By

N—-1 _
S COTbO*CLO*(T+a?TO)(p72) ‘ |¢un| |ZI){,}?RN,V) / |x’a0 |un’2
™

0

< O RO [ v
T )

Since by — ag — (852 + %) (p — 2) > 0 we get the desired estimate like (2.7) and

(2.9). For (2.12) we note

B Qlun|? < CO/B 0w |70 < Oyt |un B vy

Since by > ag, the remaining part of the proof is the same as before. Case 3 is

proved. O

Proof of Theorem 2. Checking the proof of Theorem 1, the term on Bf can be
treated similarly as in (2.8) and (2.10). If by > 0, p > 2, by Lemma 4,

| Qablup < ot [ <cort [ jup
B B B

p
< Cﬂ“bo | Iunl |;],,1,(]R2;V)'

If by € (—2,0], p > 2, we choose § > 0 such that by —§ > —2. Choose a cut-off

10



function ¢ € C§°(By), such that ¢(z) =1 for |z| < 1. Then by Lemma 6

/ QP

1\ b 1\t
< Cy \x!bO"S In — (unw)’bﬁ‘s]:ﬁ\‘s In — \un\p“")"s
B, x x
2]

24+bg—4

6—bg —2 2
1 1 2(p+bg—9) 2
< C17°6 <ln —) / ’:L’FQ (hl —) (ungp)Z ( |Un| 2+b00—6 >
r B || B,

6—b
< o ()
< Car nr HunHHTl(R?;V)'

Finally, for b < a, we consider p = 2. Again, if by > 0, by Lemma 4,

Qlun)? < Corb/ u? < Corte /N |V, |* + Vui.

B, B, R

If by € (—2,0], we choose § > 0, by — 0 > —2. Then by Lemma 6,

1\? 1\ 2
Qlun? < Cyrt (1n—) / 2|2 (m_) 2

O

Proof of Theorem 3. The existence of a ground state solution follows from the
compact embedding immediately.
Next we show the decay property in case a > —2. Let C; > 0, R; > 0 be such
that
V(|z|) > Cy|x|?, for |x| > R;.
V20,

Consid = exp(—cr's") with ¢ =
onsider ¢(r) = exp(—cr™z ) with ¢ Yt a

> (0. Then a direct computation

shows there is Ry > 0, for |z| > Ra,
i
D+ V(lal)e 2 Dlafe.

By Lemma 1 a., there is Rg > 0, for |z| > Rs,



Then we get —A(u — @) + (V(|z]) — S]z]|")(u — ¢) <0, for |z| > R;. From this
we get

u(z) < p(z) for |z| > Rs.

Finally, when —2(N — 1) < a < —2, the decay property follows directly from
Lemma 1 b.. U

3 Further results and remarks

We finish the paper with some discussions on further results and relations with
other work.
3.1 With the embedding theorems established in this paper, we can study the
existence of solutions for more general equations like (1.1). This would follow
from some rather standard techniques. For simplicity, let us state a result for the
following equation with the proof omitted

—Au+ V(|z[)u = Q(|2]) f(u), in RY
(3.1)

lu(z)] — 0, as |z| — oo.
We assume (V) and (Q), or assume (V), (Q) and (VQ) with the corresponding
p and D are defined as in Section 1 such that p < p. We assume f € C(R,R),
f(0) = 0; there exists C' > 0, p < p1 < pp < P such that

[f()] < C(luf ™ + [uf7);
and there exists p > 2 such that
0 < puF(u) <uf(u), Vu € R.
Here F(u) = /uf(s)ds. Then we have
0

Theorem 4. Under the above conditions, equation (3.1) has a positive solution.
If in addition, f is odd in u, (3.1) has infinitely many solutions. All these solutions
are in HX(RN; V), and satisfy the decay property in Theorem 3.

Again, the result still holds for V' slightly negative and () vanishing somewhere.
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3.2 When Q(r) is exponentially flat near zero, by can be taken arbitrarily large.
Thus we obtain solution for (1.2) for all p > p. For a problem in a bounded
domain this was observed in [18]. In a recent paper [2], the authors consider
—e?Au+ V(|z|)u = vP, 2z € RN and under the condition that a weighted potential
has local maximum or local minimum they constructed radially symmetric solutions
for all p > 1 as long as € is sufficiently small. Note that the solution given in [2]
in general is not ground state solution in the radially symmetric class. A related

result to [2] is given in [10] which allows the potentials to be zeroes somewhere.

3.3 Our results can be used to deduce existence of nonradial positive solutions for

—Au+V(|z))u = Q(|z|)uP~,u > 0, in Bg
(3.2)
u =0, on 0Bg

for R sufficiently large. This follows from the idea used in [12] (see also [15, 24])
and it is rather standard by now. Let us sketch the process a bit here.
Define H'(RY; V) as the completion of C§°(RY) with respect to

lullf = [ | 1VuP + Vel

and define
s(v.Q) = int{ [ 1VaP + Vel e @V, [ Qablulr =1}
5.0.Q) = it { [ {9+ Vil | w e @), [ Qablup =1}

Then S(V,Q) < S,.(V,Q). We can also define S(Bg;V, Q) and S,(Bg;V, Q) using
Hy(Bg; V) and Hj,(Bg; V). It is easy to show

Jim S(Br;V,Q) = S(V.Q)
Rh_{n ST(BR7 V7 Q) = ST(V7 Q)

If for some p, S(V,Q) < S.(V,Q), we then get that for large R, S(Bg;V,Q) <
Sy(Bgr; V,Q). Then it follows that (3.2) has both radial and nonradial solutions.
For example, following the arguments as in [1], we can show that when 0 > b > a,

2N 4
S(V,Q) =0 for p < p* ;:N_2_Q(Nb_2) On the other

df > .
and Ior p N2

13



2N

N —2
bo > 0. Then we obtain that when p < p < p* or ]3—]172 <p<p,for R>>1, (3.2)

hand, our result shows S,(V,Q) > 0 for p < p < p. Note p < p*, P > for
has both radial and nonradial solutions. Similar results can be stated for general

cases, we leave it to interested readers.
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